Full waveform modeling




Full waveform modeling

Building the wave equation
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Displacement of a point

e reference system fixed in space and time

a small element material is considered

a point P at xo = (X0, Y0, 20)" is considered at time ty

the point moves to x at time t
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Displacement of a point

e displacement vector : u=x — Xp

e velocity vector : g—‘t‘
R du
e acceleration vector 33
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Conservation of mass

e we consider a close volume V/, with mass conservation

dM(t) _
e 0. (8)
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/// wdv ///\/FdV+//5TdS. 9)

e p: density
e F: density of volumetric forces

e T: surface forces

P— )]
P,
) P
\ﬁ‘ @ N
- u DS
_ ~___ — — |
/ T /X\\ Ta X /
/ \ /
[ l/ N //S
\ X0 Vv

Geophysical imaging S 34



Simplification: surface forces — stress

e We can write

Ti=)_ oun,
j

component ij of the stress tensor

o O','J' o
e n; : j component of the normal vector to S
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Simplification : divergence theorem

e divergence theorem

//SUUndeZ///“/;@'UUdV (11)

e 0; : spatial partial derivative along j
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Second Newton law : integration on an elementary volume

82u,-
Pae = Fi +> 9oy (12)
j

e | : component of the vector

e j : spatial direction
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Second Newton law : expended version

8y 00y 00y = 00y
Dz L F,
Por A A S
*u, doy, 0oy, 0oy
o T2
P or B0
&u, 0oy, 0oy, 00
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displacement/strain linearity

e strain tensor €

(14)

€j = = — + —F
2

1 (9U,‘ 8UJ' 8uk8uk
ox; OX; Ox;0x;

e linear part

o 1 8u,— 6UJ'

— linear relation between strain and displacement

Undeformed
configuration,

Deformed
configuration

el "R )
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stress/strain linearity

e rheology law between stress and strain

T = (72- + Cjnext + Dijiimn€xiémn + O(€) (16)

0.
® oy pre-stress
e Cij et Djjjmn : order 4 and 6 tensors

e linear part

gjj = 0'8- + C,'jk/ek/ (17)

Stress

—X

Fracture

Elastic region
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We can gather everything

e dynamic equation

Pu . 0
Pom = ,-+§j: )i (18)
e strain/displacement relation
1 8U,‘ 8Uj
i= = 1
€i 2 (8Xj+8x,'> (W)
e rheology relation
gjj = U,-Oj + Cijri€w (20)
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Matrix formulation

Voigt notations
11—1,22—-2,33—+3,23 4,135 12 6.

This makes

T T
0 = [o11 022 033 023 013 012] = [01 02 03 04 05 6],
€ = [e11 €22 €33 2€23 2€13 2612]T =[e1 €2 €3 € 65 56]T~

We introduce the matrix operator D as

8X1 0 0 0 8X2 8X3
D= 0 (9)(2 0 (9)(3 0 (9)(1
0 0 8X3 8X2 6X1 0
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We can gather everything

Gathering equations we obtain
Fu
Por

(25)
o=0c"+CD"u.
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Isotropic medium example

e In elastic isotropic media, Cji depends on 2 independent coefficients (A and p, or E and v), giving

Ouy ouy, ouy

O xx = ()\+2M) 6)( +)\ 6 +)\ 8 +O'x><0
3Ux du Jdu,
Oy = 8X + (A +2p) 6;"‘)‘ = )
8ux Ouy
Ozz = dX +AW +()\+2M) = +Ozzg
Ouyx  Ouy
Oxy = 1% 6 + E + O'xyo
o = % + du, +o
yz - 12 62 ay p]
Ouyx  Ouy
Oxz = | ( 9z T ax) + Oxzg (26)
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Isotropic medium example

BZUX Do xx doxy Ooxz
P = + + Fx
ot2 Ox 1s] oz
8%u o o do
A /- xy o 9%z, F,
at2 Ox dy a
pazuz _ O0xz doy, o ole YE
) at? Ox dy oz
e we combine the ; ’ ;
A+2 )—dux + 22 + 22z +
q o = o
sets of equations xx Mo By 97 xxq
oy = A2 2P a2,
vy o 5 P o
Auy ly
Ozz = A +>\7+(A+2H)7+Uzzo
Ox y
(aux 0uy) o
o = =5 o
Xy I By o 0
(Guy ()uz) "
[eg = ’ — [eg
o F oz Ay o
Ouy Ouy
Oxz = W ( " ) + 0xzg (27)
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Isotropic medium example

&% uy Qoxx  Ooxy  Ooxz
P— = + + Fx
ot Ox 0. oz
82u do o o
P Zy _ : Xy Yy + yz + Fy
ot Ox dy a
pff;u; = a;” 8;” + 0;” +F,
. X y z
e we combine the Su du du.
Ix Y z
. o = (A4+2u)—+2—+2 to
sets of equations xx ( ) Ox By 52 0
H du. ou,
e PDE with 9 oy = A4 +20) L 42T 4oy,
unknowns : 3 & % oz
A du du au,
displacement + 9 O = A BX + ka—y + A+ 2p)—— + 02z
stresses x 4
(aux 0uy) o
(o3 = (o8
4 2 dy Ix g
(Guy ()uz) o
o = " —_— o
vz s £y yzq
(aux o c'?uz) o @7)
(o3 = (e
= 2 oz ox =
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Isotropic medium example

Geophysical imaging

e we replace
Vi = atu,-

vy
ot
vy
ot
vy
ot

DR DD

(28)

6



Isotropic medium example

Avy 1 (0xx 00y, = O0x
— = - + + +
ot P Ox Oy oz
v, 1 /0 e} 15
i ( Ty, 9% UyZ) +f
ot P Ox dy Oz
Ovy 1 (Qoxz Ooy; 00z
e we replace w > ax + By . +f,
Vi = Oclj a av, av, dv, 9o
, L O 00 Ji QP Pl AP e
e we derive over at Ox dy 9z ot
time the rheology o _ 0% O +2#)@ +22% 9
relation ot Ox dy 9z ot
do v, v, v do
Z - A p )24 20
ot Ox Oy z ot
Qo xy B (Bvx va> OO'X}/O
ar M\ Tax o
doy; - (@ . Ovz) N OJyZO
ot oz Oy ot
D0 xz - (% 8VZ) " 00 xzy (28)
ot Oz Ox ot
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Isotropic medium example

Avy 1 (0xx 00y, = O0x
— = - + + + i
ot P Ox Oy oz
% _ 1 (Bo'xy o doyy anz) +f
ot P Ox dy Oz
Ovy 1 (Qoxz Ooy; 00z
e we replace = = + +fz
5 ot P Ox Oy z
1 = Ceply 8 ov v, ov, 9o
] L O 00 Ji QP Pl AP e
e we derive over ot Ox oy 0z ot
i o 15} 15} o do
tlme.the rheology AN T SNIE Y P A AL il ]
relation ot Ax Oy oz ot
(ol Ay vy Ovy 80‘;;0
we obtain an homoge- ot = & Ox R ay +(A+2M)7z o
neous system of order 1 Doy v vy, D0y
in time ot - (87)/ 87x> ot
doy; _ u (@ N OVZ) N Oo'yzo
ot oz Oy ot
Ooxy - . (% 8v2) " O00xzg (28)
ot Oz Ox ot
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Acoustic medium

e in acoustic
medium, shear
effects vanish
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Acoustic medium

Ovy 1 30'xx

= = = +
ot P

vy B 1 /0 ao'yy

at  p \Ubx fy

-

vy [o2e %4 Do’ Bo'zz
= - + f,
ot

P
A Tsex va v, do’xxo
= A+ +
e in acoustic ot ( }m oz ot
. dayy vy vy 9oy,
medium, shear = A + (A +2a)— dn, ),
f;ed um, s.e: 5 oy ( }ﬂ) s ot
effects vanis
Do 2z Avyx vy 80'210
S5 = Mot >\ L A+ +—2
ot Ox ( ?’ﬂ) ot
o _ %(8‘& @) " 30‘Xy0
ot Ox ot
do, <8vy Ovz) o Oo'yZO
bt B dy ot
15} ov; 8\/ do
o _ ( X z) " xz() (29)
ot ox ot
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Acoustic medium

e in acoustic
medium, shear
effects vanish

Geophysical imaging

Oy
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Ovy
ot
00 xx
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Acoustic medium

Oy

ot

. . Ovy

e in acoustic rn
medium, shear ov,
effects vanish ot
oP

ot

Geophysical imaging
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2D isotropic medium

hypothesis

e invariant properties along one direction

e source and receivers invariant along one direction : line source and receivers
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isotropic medium

e invariance along y
(for example)

Geophysical imaging
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2D isotropic medium

e invariance along y
(for example)

e 2 independent
systems appear

Geophysical imaging

Ay
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SV and SH waves
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2D isotropic medium : P-SV system

Ovy 1 /Oox 0z
L (o 2wy,
ot P ox oz
e P-SV system Ovz 1 (00xz B0z
= = + 1
ot P Ox oz
e P waves Do xx (i 2 )8vX N )\é)vz N B0
e S waves ot = D P o
olarized in do v v, 8o
p z 3 0% L o2y 270
plane xz ot dx 9z ot
15} 15} o Do
== = ( S VZ) & R, (33)
ot oz ox ot

Ondes P _ %
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2D isotropic medium : P-SV system

Ovy 1 /Oox 0z
L (o 2wy,
ot P ox oz
e P-SV system Ovz 1 (00xz B0z
= - + £
ot P Ox oz
e P waves Do xx (i 2 )8vX N )\é)vz N B0
e S waves ot = D P o
olarized in F:) 9 P 5
P oz _ 9w Ot 20 ve , 99z
plane xz ot dx 9z ot
15} 15} o Do
== = ( S VZ) & R, (33)
ot oz ox ot
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2D isotropic medium : SH system

Geophysical imaging

16] 1 /0 6]
- ()
e SH system t 4 X

Qo xy vy Bo'xyo

e S waves onl = B (7) Tz

y ot Ox ot
in plane xy doy, (%) N 90yz, (34)
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1D isotropic medium

Hypothesis

e invariant properties in 2 directions

e invariant source and receiver in 2 directions : plane wave
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isotropic medium

Avx 1 [ Ooxx do do
- + + +h
ot P Ox Oy 0z
v, 1 (0o do do
-~ = = Y 4 + + £
ot P Ox y 0z
vy 1 [ Ooyx do do,
= = + + +f
ot P Ox Oy Oz
e y and z directions L % +2“)0vx I )\0" i Aa" o 93¢
. . ot Ix y z ot
for invariance (for
o] Ov, Ay, Ay, do
exemple) 7 = A4 +2u) 2 Fa L 2
ot 16) z ot
Do Oy v, do. 6
= A2 o+ E 4
bt P) y Dt
Qo xy B Ay, vy OO'X}/O
ot B y X ot
doy; _ u Ay, o Ay, OO'YZO
ot 0z y ot
do v, v, do
= 2 ) 4 9% (35)
ot 0z ox ot
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1D isotropic medium

Ay 1 [ Ooxx do. do
= - + + +
ot P Ox Oy 0z
v, 1 (0o do do
-~ = = Y 4 + + £
ot P Ox y 0z
Ovy 1 [ Dok do do
= = + + + £
ot P Ox Oy Oz
e y and z directions L % +2“)0vx I )\0" i Aa" o 93¢
q q ot Ix y z ot
for invariance (for
5] Ov, Ay, Ay, do
exemple) 7 = A4 +2u) 2 Fa L 2
. ot 16) z ot
e 3 independent
o Do )\DVX+>\DV f( 42 )Dv +80’ 6
systems a ear = -
Y PP ot Ox y 2 z ot
Qo xy B Ay, vy OO'X}/O
ot B y X ot
doy; _ u Ay, o Ay, OO'YZO
ot 0z y ot
do v, v, do
= 2 . 990 (35)
ot 0z ox ot
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1D isotropic medium: P wave

8Vx 1 aUxx
e P wave along x 9 b Ox + £
direction
00 x o Ovx 6O'xx0
ar — O+ (39

L
Ondes P
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1D isotropic medium: S wave (1)

e S wave alon
= vy 1 0oy

direction x, 5% = > Ox +f,
polarized in Borry By,  Bosy,
plane xy o Ma ot (37)
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1D isotropic medium: S wave (2)

e S wave along

'z 1 Xz
direction x, %‘; - ;8(;; Y
polarized in 9oxe Ov;  00xz, (38)
plane xz ot Mox ot
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Which velocities for these waves ?

We can write the wave equation as a compact matrix-vector formulation

oU AU _0U . _9U U
e B oG i (39)

t
where U = (i, Vy, Vz, Oxx, Oyyy Ozzy Oxyy Oyzy Oxz)
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Which velocities for these waves ?

Example in 1D

e P wave e S wave (in plane xz)
5 T peth t
T = GG B _ B G
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Which velocities for these waves ?

e For P-wave system we have
0 1
A= P (41)
A+2u O

therefore the eigenvalues are solution of

A+ 2u
P

X? 0 (42)
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Which velocities for these waves ?

e For P-wave system we have
0 1
A= P (41)
A+2u O

therefore the eigenvalues are solution of

A+ 2u
P

(Y Eo Y i (43)
p P

X? 0 (42)

e P wave
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Which velocities for these waves ?

e For P-wave system we have
0 1
A= P (41)
A+2u O

therefore the eigenvalues are solution of

x2_ A2 _g (42)
p
o P wave
P [l PR s o (43)
P P

e S wave (in plane xz)

I=+. 8 Svs=,/8 (44)
p p
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Full waveform modeling

Heterogeneity, anisotropy and attenuation
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Reflection and refraction : Snell-Descartes law (1)

As for light...

Incident Reflected

Ji f\

N

Transmitted
(refracted)

sin J; sin J; . .
Ju_ J2 n :Jll (45)
Vi %]
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Reflection and refraction : Snell-Descartes law (1)

As for light...

Incident Reflected

Ji f\

Transmitted
(refracted)

sin ji sin j» »
Vi %]

(45)

e this setup is valid for single wave type
e P waves in acoustic media

e SH waves (no coupling with P waves)
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Reflection and refraction : Snell-Descartes law (2)

As for light...
Incident Reflected
sv LSV P
“, . <
NN S X
., y \/:
. . K
ay, By ‘\‘ K/
B2
ay B, Ity
<
. ,
sy Transmitted
(refracted)
sin ji sin j» sin i, sin i »
= = = =5
Vs1 Vs2 Vp1 Vp2

e this setup is generic
e P waves in solids

e SV waves
Geophysical imaging

(46)
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Surface waves

e the free surface is a particular interface

e on one side a solid : vp,, vss and ps
e on the other side, air : vp, < vpg, vs =0 and p,;r <<< ps
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Surface waves

e the free surface is a particular interface

e on one side a solid : vpg, vss and ps
e on the other side, air : vp, < vpg, vs =0 and p,;r <<< ps

— we generally assume air as void

P
AT A1 i
E.fl’!{u I eggé%f"w

oo

Selfig=
F R

Milieu non perturbé

~ =7 —~
2z %%f’zg‘.‘.’.f.’}‘%— LI e DT
T & i e
O S
] 7
[

AEEEE A EEE e

e i 5 o 6
Oscillations dans un plan perpendiculaire
4 la direction de propagation =

b) un plan vertical avec
un mouvement elliptigue des particules
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Rayleigh waves

e particles move in the P-SV plane
e result from interferences between P and SV waves

VR < vs < vp (47)

vp — 8Vivp + (24 — 16v2/vR)vevh + 16(vi/vp — 1)vE =0 (48)

where vg is the Rayleigh wave velocity
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Rayleigh waves

e particles move in the P-SV plane

e result from interferences between P and SV waves

VR < vs < vp (47)

vp — 8Vivp + (24 — 16v2/vR)vevh + 16(vi/vp — 1)vE =0 (48)
where vg is the Rayleigh wave velocity
for perfect solid media, v ~ 0.25 giving vg = 0.919vs

Milieu non perturbé

i e

o

A A L]

it
I
I
I
i
.

(7 e
0 B
0 O
I
0 I 2
0

. Oscillations dans un plan perpendiculaire
“ a la direction de propagation -

e

S
i

— . b) Oscillations dans un plan vertical avec
Geophysical imaging un mouvement elliptique des particules
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Love waves

particle motion in the SH plane
result from interferences between incident, reflected and refracted SH in an heterogenous near

surface
— does not exist in homogeneous media

e we have
Vs1 < v < Vs2 (49)
e giving dispersion in all cases
Xq
1=\ P v
49,9 H
1By SH, SHg
HaiB2 Y © SHy \ By
= 3 Clw) B1
Tp2 = B, P
\
X3

67
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e Anisotropy : changing of the behavior depending on the direction

e In geologic media, wave anisotropy can have two origins : internal (mineral composition — static
anisotropy) and external (layer structure for example — dynamic anisotropy )

Micro-scale anisotropy: mineral anisotropy Macro-scale anisotropy: VTI/TTI anisotropy

e in all cases, anisotropy is a scale problem : a medium is seen as anisotropic when it contains
“small scale” heterogeneities or structures
— “small scale” is related to wavelength A = V//f for wave propagation
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e In anisotropic media, the reologic relation is more complex

e triclinic : 21 independent coefficients in Cjjy
e monoclinic : 13 independent coefficients in Cjjy
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e In anisotropic media, the reologic relation is more complex
e triclinic : 21 independent coefficients in Cjjy
e monoclinic : 13 independent coefficients in Cjjy
e orthorombic : 9 independent coefficients in Cjjy

l

Symmetry plane
(%4, %]

b

//7
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Anisotropy

e In anisotropic media, the reologic relation is more complex
triclinic : 21 independent coefficients in Cjjy

monoclinic : 13 independent coefficients in Cjjy
orthorombic : 9 independent coefficients in Cjjy

o
°
°
e transverse isotropic :5 independent coefficients in Cjjy

VTI
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e In anisotropic media, the reologic relation is more complex
triclinic : 21 independent coefficients in Cjjy

monoclinic : 13 independent coefficients in Cjjy
orthorombic : 9 independent coefficients in Cjjy

o
°
°
e transverse isotropic :5 independent coefficients in Cjjy

sl
—
S
an symmetry-axis
X2 \ ' plane
23
o
e
symmetry

axis

T
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Attenuation: intrinsic, extrinsic and apparent ....

e Quality factor : relate the energy loss per wavelength (effect is frequency-dependent)
e energy loss can be related to intrinsic (fluid motion in porous media, plastic deformation, anelastic
reology...) or extrinsic (multi-scattering in heterogeneous media)

08 10¢ 0% 102 1° 102 10*
T T

- 12 T T
27 )
Loo0s Qi ~100 ,
54
Shallow layer £50s Model A5
Strong attenuation =
. . . . . . i L
Difficult to find equivalent visco-elastic model 3 A —
S a7 (b)
3 § Group Vel
Crust and Mantle otae
Visco-elastic model of anelasticity 5 .. “Phose Vel
. . . 2 |
Rheological laws (near-elastic & plastic T .
E
deformation) =@
L
Frequency dependence of the Q factor 8 "
(Pertinence of the Nearly Constant Q - NCQ- model) ‘é b
g gL
é) 1 I | I

108 106 1074 2 1° 102 I0?
Frequency, Hz
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