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Abstract. In this paper we present an automatic fairing algorithm
for bicubic B-spline surfaces. The fairing method consists of a knot re-
moval and knot reinsertion step which locally smoothes the surface. The
simulated-annealing search strategy is used to search for the global mini-
mum of the fairing measure.

§1. Introduction

Free form surfaces are an indispensable part of powerful CAD-systems. Bicu-
bic tensor product B-splines, which are the subject of this paper, are often
used in geometric modelling due to their well known advantages which result
basically from the local support of the basis splines and their dependence on
the knot vector. However, the designer is not always satisfied with the fairness
or smoothness of the resulting surface obtained from interpolation or approx-
imation of some data sets. A fair surface can be obtained by two different
ways:
• modelling surfaces with constraints (see e.g. [10,2,16,7,18,8]),
• post-processing surface fairing (see e.g. [4,14,9]).

In the present paper we introduce a new post-processing fairing
method for bicubic tensor product B-spline surfaces based on the knot-removal
reinsertion step [6] combined with a search strategy, called simulated anneal-
ing. This method will be local in constrast to Kjellander’s method for bicubic
surfaces [14]. The principal reason for incorporating a search strategy into
the fairing process is to overcome the drawback of other iterative algorithms
which stop when the fairing measure achieves its first local minimum.

Section 2 will recall an algorithm of Farin/Sapidis for curves [20]. A
fairing algorithm for B-spline surfaces based on a special search strategy is
presented in Section 3. The heuristic simulated-annealing algorithm, depend-
ing on a probability function and some other parameters searches for a global
minimum of the fairness measure. It results in an optimal surface with respect
to its fairness. Some examples are shown at the end.
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§2. Knot Removal for B-spline Curves and Surfaces

Given the positive integers n,m and k, l and u = (ui)n+k
i=0 , v = (vj)m+l

j=0 two
sequences of real numbers with ui < ui+k and vj < vj+l (i, j = 0, . . . , n,m),
the B-spline basis functions associated with the knot vector u are denoted by
(Ni,k,u)n

i=0 (or simply by Ni,k) and are assumed to be normalized to sum to
one. The same holds for (Nj,l,v)m

j=0. A parametric tensor product B-spline
surface X in IR3 of order (k, l) is then defined by

X(u, v) =
n∑

i=0

m∑

j=0

dijNi,k(u)Nj,l(v) , (u, v) ∈ [uk−1, un+1]× [vl−1, vm+1]

(1)
where the coefficients dij ∈ IR3 form the control net. Note that the B-spline
X(t) is only defined over [uk−1, un+1] × [vl−1, vm+1]. uk, . . . , un, vl, . . . , vm

are called inner knots. For more details about B-splines, see [3,21].
The knot removal step consists of approximating a given spline x =∑n

0 diNi,k,t by a spline x̃ =
∑n−1

0 d̃iNi,k,t̃ on a knot vector t̃ which is a
subsequence of t with one knot less. While knot insertion doesn’t change the
shape of the curve, the “inverse” process of knot removal cannot be carried
out in general without changing the shape, except the case where the curve
is Ck−1 at tj , i.e. its continuity order is higher than it should be according to
its multiplicity). In the future we will use knot removal for bicubic surfaces,
therefore we restrict the following considerations to the cubic case.

Different possibilities to determine approximated solutions of the knot
removal problem exist: From the approximation point of view, knot removal
can be solved by min ‖x̃ − x‖ : {x̃ ∈ Sk,t̃} with respect to some appropriate
norm ‖ ·‖. For more details see [17]. In general, all control points are involved
in that knot removal procedure, which is therefore a global one.

We want our fairing step to work as local as possible. This means, that
after reinsertion of the removed knot tj , a minimum number of control points
d̃i of the curve x̃ should differ from the original control points di. The knot
removal problem can locally be solved by calculating an approximate solution
of an over-determined (3,2)-system of linear equations. Detailed description
of these knot removal algorithms can be found in [6,5].

Farin/Sapidis’ fairing algorithm for cubic splines is based on the fact,
that after a knot-removal-reinsertion step of the knot tj the new curve x̃(t) is
C3 at tj . Hence, the local fairness measure zj = |κ′(t+j )−κ′(t−j )| decreases to
zero. By repeating this procedure several times always at the most offending
knot (i.e. tk with zk = max(zi) : {i ∈ (4, . . . , n)}), they could expect, that the
sum of the local measures

ξ =
n∑

i=4

zi (2)

decreases also. The algorithm stops if there is no more improvement of the
fairness measure ξ. This is an algorithm according to the following fairness
criterion:
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(C) A C2-cubic B-spline curve is fair if the curvature function is con-
tinuous, has the appropriate sign, and is as close as possible to a
piecewise monotone function with as few as possible monotone
pieces [20].

We want to close this section with the conclusion that a knot-removal-reinser-
tion step has a local fairing effect, and can therefore be used in a fairing
method for the entire curve, or tensor product surface. The main problem
is to find a sequence of knots such that repeated knot-removal-reinsertion at
these knots leads to a (global) minimum of the global fairness measure ξ.

§3. Surface Fairing Method

The curve fairing method can easily be extended to tensor product surfaces.
Of course, one can simply apply the curve scheme to each row and each column
of control points of the surface control net. This procedure has two main
disadvantages: the fairness measures are not adapted to the surface geometry
and therefore don’t justify the selection of a knot as the most offending one.
And the “stop”-criterion for the algorithm doesn’t guarantee to find the global
minimum of the fairness measure ξ (2). The algorithm stops when the first
local minimum of that function is reached. And this is probably not the
lowest one. Now a surface fairing algorithm is presented which is based on
knot-removal-reinsertion (which is a very fast fairing step) and which uses
simulated annealing to optimize the fairing process.

When searching for a global minimum, one can do it by spanning a so
called search tree (see Figure 1).

... ...

kp1 kp2

kp1 kp2
kpl

Figure 1. Search tree of the iterative fairing method.

The search tree has as its root the given surface to be faired. Each vertex of
the tree represents a B-spline surface that results from a fairing step (knot
removal and reinsertion) at one knot of the parent vertex. The edges of the
tree are marked with the knot pair kpi which is treated by the knot operations.
The search tree lists systematically all possible steps of the fairing algorithm.
Each path from the root to a leaf of the tree describes the history of one
algorithm call.

At least one of the leaves represents a surface with a global minimum
of the fairing measure. The global minimum (after k iterations) can only be
found when performing an exponential number O((n ·m)k) of fairing steps.
The aim of a search strategy is to find this path without constructing the
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whole tree because of the exponential number of vertices. The five main
characteristics of our fairing method are now presented:

3.1. Knot operation

We use Knot-Removal-Reinsertion (KRR) as a local fairing step for the sur-
face. To do so, the knot operations (Section 2) have to be adapted to the ten-
sor product surface description. It’s an inherent property of tensor products
that a lot of algorithms on surfaces (e.g. de Boor algorithm, degree elevation,
etc.) can be reduced to the univariate curve algorithms with respect to the
two parameters u and v. Different strategies can be adopted for KRR of a
B-spline surface:

- KKR in u-direction: for j = 4 to m do KKR of ui at (ui, vj),
- KKR in v-direction: for i = 4 to n do KKR of vj at (ui, vj),
- KRR in both directions, first in u and then in v direction, or the other

way round.
Notice, that there is no symmetry in the third KRR-step. Changing u and v
leads to different results, because the second step depends on the first.

3.2. Fairing measure

The local measure (zu
ij+zv

ij) of a knot pair (ui, vj) from a surface X(u, v) which
evaluates the fairness of the knot pair is defined by the partial derivation of a
curvature function g(u, v) (e.g. Gaussian curvature κmin·κmax, or κ2

min+κ2
max,

etc.) along one of the two parameters of the surface:

zu
ij =

| ∂g
∂u (ui, vj)|
‖∂X(u,v)

∂u ‖
, zv

ij =
|∂g
∂v (ui, vj)|
‖∂X(u,v)

∂v ‖
. (3)

According to the selected curvature function the automatic fairing algorithm
will evaluate a knot pair in a special manner.

Finally the sum of the local measures of all knot pairs will define the
global fairness measure ξ which will be minimized by the fairing algorithm:

ξ =
∑

i,j

zu
i,j + zv

ij . (4)

Remark: One can look for the local measures zu
ij , z

v
ij independent of each

other, and apply KRR only in u or v-direction.

3.3. Visualization utility

An appropriate technique for emphasizing visually the fairing effect is a light
reflection method. The fairing method reduces surface irregularities and pro-
vides a more pleasing shape. Those aesthetic aspects are well captured by
isophotes, reflection line or highlight lines [19,15,1,11], because they are very
sensitive to changes in the surface normals. We chose the isophote method.
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3.4. Scheduler and termination condition

The selection of the knot pair and the search for the global minimum of the
fairing measure can be done in the following way.

Simulated Annealing
Simulated annealing is a heuristic method to solve large optimization pro-
blems. It ensures “with high probability” to find a global minimum of the
function of interest, where iterative methods often get stuck at a local mini-
mum. In 1983, IBM researchers [12,13] found an interesting analogy in mate-
rial physics, where the heuristic process of an optimal annealing of metal is a
quit difficult task. That’s where the algorithm got it’s name.

Simulated annealing is a stepwise algorithm which is allowed to make
good steps (i.e. steps which improve some measure of quality) and to make
bad steps (those that do not). Those bad steps are necessary in order to leave
a valley of a local minimum. The probability that bad steps are accepted
decreases while the algorithm proceeds.

This algorithm can be compared with the hill climbing model, see Fig-
ure 2. Searching in this case the maximum of a function one can imagine that
a hill climber is searching for the highest top. Depending of the departure he
has to walk on tops (good steps) and valleys (bad steps) in order to reach the
highest top. Therefore he must not stop walking when he arrives at the first
top. In this case he would only find a local maximum. Sometimes the climber
ought to take a descending path. This helps to evade from a local maximum.
In general the topography of the problem isn’t known in advance. Hence it is
natural to use a probability for the acceptance of bad steps and in order to
ensure that the algorithm stops.

Startposition

local maximum

Figure 2. Topography of an optimization process.

In our fairing context, the measure of quality is the global fairness measure
ξ (4), which has to be minimized by a sequence of fairing steps, the knot-
removal-reinsertion (KRR)-steps. At each stage of the algorithm a knot pair
(ui, vj) of the current surface is chosen either randomly or by a ranking list
with respect to the local fairness measure zu

ij +zv
ij (3) at each knot pair. While

the KRR-step increases ξ, the steps are accepted as good steps. Otherwise,
bad steps are accepted with a certain probability. As the probability to make
bad steps gets smaller during the algorithm it gets less and less possible to
leave the current valley of the fairness measure and the algorithm stops there.
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Let max kp be the number of inner knot pairs. If the number of stages of
the algorithm is controlled by the integer max step, the probability function P
at each stage tk (k = 1, . . . , max step) should be a monotonously decreasing
function. Some examples are shown in Figure 3.
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P (t) = e−(d/t) P (t) = e−(d/t)4

Figure 3. Probability of accepting bad steps (d = 0.5, 1, 2).

Algorithm: (Simulated annealing for fairing surfaces)

for k = 1 . . . ,end temp do
do

for r = 1 . . . ,max step do
choose randomly a knot pair kp
Let X̃ := KRR(X) be the faired surface after a KRR-step
if ξX > ξX̃

then X := X̃; b count = 1 /* good step */

else choose a random number 0 ≤ ν ≤ 1
if ν < P (tk)
then X := X̃; b count = 1 /* bad step */

else b count += 1 /* bad step refused */

end for
until (b count ≥ blimit) /* no more improvement */

end for

The decreasing sequence of real numbers t1 > t2 > · · · > tmax step is called
annealing schedule and controls the probability that bad steps will be done.
The tk correspond to temperatures in the annealing of metal. More they get
smaller, less a bad step will be probable. Once the annealing schedule is fixed,
for example as a linear schedule tk = max kp

k , an appropriate factor d in the
probability function P has to be chosen (see Figure 3).

At each stage k the number of good steps is limited by max step, in order
to avoid to make too many good steps at the beginning and to get stuck at
a local minimum in a false valley. A general suggestion we can make for the
choice of the parameter max step is to take it half or less of max kp.

There are two possibilities for the algorithm to stop. In general the
algorithm should stop when the making of a bad step was refused blimit times
in succession (due to the decreasing probability of making bad steps). In this
case there is no more way out of the current valley. The actual minimum is
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accepted as the optimal one. When the algorithm seems to be in an infinite
loop, it stops after a maximal number of stages end temp (final temperature).
This should be an emergency stop, and end temp has to be chosen big enough
to allow a regular stop.

The simulated annealing algorithm doesn’t guarantee to find a global
minimum, but it’s well known that it’s an effective way to search for one.
This algorithm has already been used in CAGD by L. Schumaker [22] for
computing optimal triangulations.

§4. Results

One fairing step consists of KRR applied at one knot pair. Under all KRR
algorithms (Section 2) we favorite the

minimal region algorithm (mr-KRR),
where the distance of the old control net from the new one can be
relatively high, because only one control point is changed to ensure
the C3-continuity (in u or v-direction) at the selected knot. This
leads to big changes in the fairness measure but also in the shape of
the surface, and the
least squares algorithm (ls-KRR),
which minimizes the squared distance between the old and new con-
trol net by moving three control points. Therefore the shape of the
surface doesn’t change very hard but the fairing effect isn’t as high
as with the first knot removal method.

The user has to decide which aspect he prefers: preservation of the surface
shape or maximal fairing effect.

Figure 4. Fairing effect of the two different KRR-steps:

(a) unfair surface (b) least-squares KRR (c) minimal-region KRR

The first example illustrate the different fairing effects of these two knot-
removal algorithms for surfaces, see Figure 4. The unfair surface (Fig. 4a)
has only 25 inner knots. One expects from a fairing method that the high
variations of curvature, which occur in the middle of the patch and on the
boundary, become smaller or disappear. We then run the simulated annealing
fairing (parameters: g(u, v) := κ2

max + κ2
min (3), max step = blimit = 10)

once with the least-squares KRR (32 steps) (Figure 4b) and once with the
minimal-region KRR (71 steps) (Figure 4c). As it was assumed above, the
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ls-KRR is better adapted for shape preserving fairing, while a more flattening
fairing effect is achieved with the mr-KRR.

Figure 5. Unfair surface with isophote analysis.

Figure 6. Faired surface with isophote analysis.

If all inner knots are involved in the fairing algorithm, only the four surface
corner control points are not modified. But it is also possible to apply the
fairing method to a subset of knots. This can be necessary if the boundary
curves and tangent planes are not allowed to move, because the surface needs
to fit into a whole patchwork of surfaces. Figures 5 and 6 show an example of
locally fairing a surface (i.e. the boundary curves will not be affected). The
given surface has 256 inner knots. The control points near the border are
kept fixed. The simulated annealing with least-squares fairing (ls-KRR) is
then applied to only 121 knot in the area, where the surfaces needs to be
faired (see the isophote analysis in Figure 5). It can be observed that several
runs of the simulated annealing algorithm always stops after ∼400 steps with
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nearly the same result. i.e. a faired surface, as in Figure 6.

For comparison, notice that a systematic search for the global minimum of
the fairness measure (after only 10 KRR-steps+ 10 search tree levels) would
have needed 12110!!! KRR-steps.
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