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Abstract We propose an efficient multilayer segmentation
method based on implicit curve evolution and on variational
approach. The proposed formulation uses the minimal parti-
tion problem as formulated by D. Mumford and J. Shah, and
can be seen as a more efficient extension of the segmentation
models previously proposed in Chan and Vese (Scale-Space
Theories in Computer Vision, Lecture Notes in Computer
Science, Vol. 1682, pp. 141–151, 1999, IEEE Trans Image
Process 10(2):266–277, 2001), and Vese and Chan (Int J
Comput Vis 50(3):271–293, 2002). The set of unknown dis-
continuities is represented implicitly by several nested level
lines of the same function, as inspired from prior work on
island dynamics for epitaxial growth (Caflisch et al. in Appl
Math Lett 12(4):13, 1999; Chen et al. in J Comput Phys
167:475, 2001). We present the Euler–Lagrange equations of
the proposed minimizations together with theoretical results
of energy decrease, existence of minimizers and approxima-
tions. We also discuss the choice of the curve regularization
and conclude with several experimental results and compar-
isons for piecewise-constant segmentation of gray-level and
color images.

1 Introduction

This work is devoted to the problem of piecewise-constant
segmentation of images using functional minimization,
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Euler–Lagrange equations, and implicit representation of the
discontinuity set. The proposed formulation can also be seen
as a free boundary problem or as a shape optimization prob-
lem. Assuming a degradation model of the form f (x) =
∑

i ciχ�i (x) + noise, we seek to recover optimal partitions
with constants ci and regions �i . Here � is an open, bounded
and connected domain with Lipschitz boundary, and f :
� → R is a given observed image. As in the minimal par-
tition problem of Mumford and Shah [18], we assume that
f ≈ ci within each �i , and that the open regions �i , together
with their boundaries, make-up �. Thus, this work is in the
spirit of the minimal partition problem [18] and its implicit
formulation as introduced in [5,6,27] (under the assumption
of an upper bound on the number of segments), using the
variational level-set approach [29]. However, the unknown
set of curves � making up the set of discontinuities is repre-
sented here using a nested structure of level lines of the same
implicit function. In the standard front propagation approach
[11,12,19], only the zero level line of the same function φ is
used to represent free boundaries. Borrowing the idea from
prior work on island dynamics for epitaxial growth [2,7,14],
the proposed methods thus lead to more efficient multi-phase
implicit representations. We first give the main ingredients
used in our approach.

The minimal partition problem In order to obtain an opti-
mal piecewise-constant approximation of a given image-data
f , Mumford and Shah [18] proposed the following: given a
function f in L∞(�) (induced by the L2-topology), find a
set of disjoint open regions �i , such that u = ci in each �i

is a minimizer of [18]

F(u, �) =
∑

i

∫

�i

| f − ci |2dx + µHn−1(�), (1)
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268 G. Chung, L. A. Vese

where � = ∪∂�i , � = ∪�i ∪�, µ > 0 is a scale parameter,
and Hn−1 is the Hausdorff (n − 1)-dimensional measure in
R

n . It has been shown [18] that a minimizer u of (1) has
a finite number of regions �i . It is easy to verify that the

optimal ci are given by ci =
∫
�i

f (x)dx

|�i | (when �i �= ∅), thus
the average of the data f over each �i . In [18], assuming
local parameterization of �, the Euler–Lagrange equation
with respect to such local representation is also given. Thus,
at points of the optimal � where the curve is the common
boundary between two adjacent regions �i and � j , we must
have k = | f − ci |2 − | f − c j |2, where k denotes the mean
curvature of the common boundary.

Active contours without edges Curve evolution techniques
using implicit representations [11,12,19,29] have been
applied in [5,6,27] to solve particular cases of the mini-
mal partition problem, where the number of regions �i or
an upper bound are assumed to be known. For instance, in
[5,6] the binary case of two regions has been considered, by
minimizing

inf
c1,c2,φ

F(c1, c2, φ) =
∫

�

| f (x) − c1|2 H(φ)dx

+
∫

�

| f (x) − c2|2 H(−φ)dx + µ

∫

�

|∇H(φ)|,

where c1, c2 are unknown constants, φ : � → R is an
unknown level set function, H is the one-dimensional Heav-
iside function, and

∫
�

|∇H(φ)| denotes the total variation of
the characteristic function H(φ), and represents the perime-
ter of the boundary of {x ∈ � : φ(x) ≥ 0}. Minimizing
the above energy as in [5,6], leads to a binary segmentation
u(x) = c1 H(φ(x)) + c2 H(−φ(x)) of the data f , and the
model acts as active contours for boundary detection. The
boundary is defined implicitly by {x ∈ � : φ(x) = 0}.
This segmentation method by curve evolution has been gen-
eralized in [27] to the case of more than two regions and to
piecewise-smooth images. Using two implicit functions φ1

and φ2, four disjoint regions can be represented; using three
functions, up to eight disjoint regions can be represented, and
so on: if m level set functions are used with their correspond-
ing zero-level lines, these can partition the domain � into
up to 2m disjoint regions, without vacuum or overlap. Also,
triple junctions can be represented as well, with a reduced
number of functions φi in [27].

Island dynamics for epitaxial growth In [2,7,14] and subse-
quent papers, a multilayer level set method has been applied
for the modeling of island dynamics for epitaxial growth. A
first layer of islands is represented by the region {x : φ(x) ≥
0}, bounded by {x : φ(x) = 0}; then a second layer of
islands, growing on the top of the previous one is represented

PHI(X)=10

PHI(X)=0

PHI(X)=0

Fig. 1 Bottom one-dimensional plot of φ(x), and its level-line φ(x) =
0 that defines a first layer of islands; top plot of φ(x) at a later time,
with two highlighted nested level lines: φ(x) = 0 and φ(x) = 10,
representing two layers of islands, one growing on top of the other

by {x : φ(x) ≥ 1}, bounded by {x : φ(x) = 1}, and so on.
We illustrate in Fig. 1 a one-dimensional multilayer implicit
representation of islands that grow on top of each other.

In summary, here we combine the techniques from [5,6,
27] for image partition, with the multilayer technique for
modeling epitaxial growth from [2,7,14], to obtain new and
improved curve evolution models for image segmentation.
Related prior work for region based segmentation using
implicit curve evolution is by Cohen et al. [9,10], Paragios-
Deriche [20–22], Samson et al. [24,25], Tsai et al. [26], and
Tai et al. [17], among other work mentioned in [27]. A pre-
liminary and shorter version of this work has appeared in [8].
The proposed piecewise-constant segmentation methods can
be naturally extended to color image segmentation (as shown
in this paper), to piecewise-polynomial or piecewise-smooth
segmentation, to texture segmentation, directions and other
vector-valued data segmentation.

2 Description of the proposed models

2.1 The case of one function

We consider in this subsection the case when the contours
in the image f can be represented by level lines of the same
implicit (Lipschitz continuous) function φ : � → R. Using
m distinct levels {l1 < l2 < · · · < lm}, the function φ parti-
tions the domain � into m + 1 disjoint open regions, making
up �, together with their boundaries:

R0 = {x ∈ � : −∞ < φ(x) < l1},
R j = {x ∈ � : l j < φ(x) < l j+1}, 1 ≤ j ≤ m − 1

Rm = {x ∈ � : lm < φ(x) < +∞}.
We can thus extend the piecewise-constant level set seg-

mentation models from [5,6,27], to the following model,
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Image segmentation using a multilayer level-set approach 269

again as an energy minimization algorithm, in a level set
form. The energy to minimize in this case, depending on
c0, c1, . . . , cm, φ, will be

Fp(c0, c1, . . . , cm, φ) =
∫

�

| f (x) − c0|p H(l1 − φ(x))dx

+
m−1∑

j=1

∫

�

| f (x) − c j |p H(φ(x) − l j )H(l j+1 − φ(x))dx

+
∫

�

| f (x) − cm |p H(φ(x) − lm)dx

+µ

m∑

j=1

∫

�

|∇H(φ − l j )|,

where H is the one-dimensional Heaviside function, µ > 0
is a weight parameter, and p ≥ 1, thus using a more general
L p data fidelity term instead of the more standard quadratic
L2 fidelity term. Explicit minimizers ci are obtained for
p = 2 (appropriate for additive Gaussian noise), and for
p = 1 [16] (appropriate for salt-and-pepper noise). The
term

∫
�

|∇H(φ − l j )| represents the length of the bound-
ary between R j and R j+1, or of the level curve {x ∈ � :
φ(x) = l j } of the function φ.

The segmented image will be given by

u(x) = c0 H(l1 − φ(x))

+
m−1∑

j=1

c j H(φ(x) − l j )H(l j+1 − φ(x))

+ cm H(φ(x) − lm).

To minimize the above energy, we approximate and substi-
tute the Heaviside function H by a regularized version Hε, as
ε → 0, such that Hε → H pointwise and Hε ∈ C1(R). We
denote by δε := H ′

ε, an approximation to the Dirac delta func-
tion δ concentrated at the origin. Examples of such approxi-
mations, that we use in practice, are [5,6]:

Hε(z) = 1

2

(

1 + 2

π
arctan

( z

ε

))

, δε(z) = 1

π
· ε

ε2 + z2 .

To keep the notations simple, we still write in what fol-
lows H and δ (but these are assumed to be now Hε and δε,
respectively). The Euler–Lagrange equations associated with
the corresponding minimization

inf
c0,c1,...,cm ,φ

Fp(c0, c1, . . . , cm, φ), (2)

can be expressed as follows. In a dynamical scheme with
gradient descent, starting with φ(0, x) = φ0(x), solve for

t > 0, j = 1, . . . , m − 1,

(if p = 2)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

c0(t) =
∫
� f (x)H(l1−φ(t,x))dx
∫
� H(l1−φ(t,x))dx

,

c j (t) =
∫
� f (x)H(φ(t,x)−l j )H(l j+1−φ(t,x))dx
∫
� H(φ(t,x)−l j )H(l j+1−φ(t,x))dx

,

cm(t) =
∫
� f (x)H(φ(t,x)−lm )dx
∫
� H(φ(t,x)−lm )dx

,

or

(if p = 1)

⎧
⎨

⎩

c0(t) = medianR0 f (x),

c j (t) = medianR j f (x),

cm(t) = medianRm f (x),

and for any p ≥ 1,

∂φ

∂t
= δ(l1 − φ)| f − c0|p

+
m−1∑

j=1

[−δ(φ − l j )H(l j+1 − φ)| f − c j |p

+ δ(l j+1 − φ)H(φ − l j )| f − c j |p]

− δ(φ − lm)| f − cm |p

+µ

m∑

j=1

[

δ(φ − l j )div

( ∇φ

|∇φ|
)]

,

∂φ

∂n
|∂� = 0,

where n is the exterior unit normal to the boundary ∂�. Rear-
ranging the terms, this is equivalent with

∂φ

∂t
= | f − c0|pδ(l1 − φ) (3)

+
m−1∑

j=1

| f − c j |p [δ(l j+1 − φ)H(φ − l j )

− δ(φ−l j )H(l j+1−φ)
]− | f − cm |pδ(φ − lm)

+µ

m∑

j=1

[

δ(φ − l j )div

( ∇φ

|∇φ|
)]

,

∂φ

∂n
|∂� = 0.

For a general arbitrary p ≥ 1, the constants c j do not have
explicit expressions. If (c0, . . . , cm, φ) is a minimizer of the
functional, then we must have
∫

R j

| f (x) − c j |p−1 f (x) − c j

| f (x) − c j |dx = 0, 0 ≤ j ≤ m. (4)

For p = 2 we thus obtain that c j is the average (mean) of
f over R j . For p = 1, as in Kimmel [16], we obtain that
c j must satisfy

∫
R j

sign( f (x) − c j )dx = 0, thus we can
conclude that c j is the median of f over R j .

We show in Fig. 2 examples of partitions of the domain �,
using m nested level lines of a Lipschitz continuous function
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Phi(x) < L0

Phi(x) > L0
L1 > Phi(x)

... ...

Phi(x) > L1

Phi(x) < Lj

Phi(x) > Lj

Phi(x) < L(j+1)

Phi(x) > L(j+1)

Phi(x) > Lm

R0

R1

Rj

Rm

Phi(x) < L0 R0

Phi(x) < L1

Phi(x) > L0 R1

...

Phi(x) < Lj

Phi(x) > Lj

L(j+1) > Phi(x)

Rj
...

Phi(x) > Lm
Phi(x) > Lm

Rm
Rm

Phi(x) < L0 R0

R1
R1

...
Rj

...

Rj

...

...

Rj

R1

Fig. 2 Two examples of partitions of the domain � into m +1 disjoint
regions, using m nested level lines {φ(x) = Li } of the same function φ

φ. The particular case corresponding to p = 2 and m = 2 is
discussed in details in [8].

2.1.1 Theoretical results

Energy decrease We assume in the next energy decrease
result that the differentiation theorem under the integral sign
can be applied and that the functions that appear are suffi-
ciently smooth (possibly by substituting H , δ by Hε, δε, so
that the differentiations and all integrals are well defined).

Theorem 1 If (c0(t), c1(t), . . . , cm(t), φ(t, ·)) satisfies the
system of equations (3)–(4), for a given initial data φ0 and
t ≥ 0, then t �→ Fp(c0(t), c1(t), . . . , cm(t), φ(t, ·)) is
decreasing.

Proof We formally have

d

dt
Fp(c0(t), c1(t), . . . , cm(t), φ(t, ·))

=
∫

�

p| f − c0|p−1 f − c0

| f − c0| (−c′
0(t))H(l1 − φ)dx

+
∫

�

| f − c0|pδ(l1 − φ)(−φt )dx

+
m−1∑

j=1

⎡

⎣
∫

�

p| f − c j |p−1 f − c j

| f − c j | (−c′
j (t))H(φ − l j )

× H(l j+1−φ)dx+
∫

�

| f −c j |pφt
(
δ(φ−l j )H(l j+1−φ)

− δ(l j+1 − φ)H(φ − l j )
)

dx

⎤

⎦

+
∫

�

p| f − cm |p−1 f − cm

| f − cm | (−c′
m(t))H(φ − lm)

+
∫

�

| f − cm |pδ(φ − lm)φt dx

+µ

m∑

j=1

⎡

⎣
∫

�

δ′(φ − l j )φt |∇φ|dx

+
∫

�

δ(φ − l j )
∇φ∇φt

|∇φ| dx

⎤

⎦ .

Using (4), and noticing by the boundary condition
∂φ(t,·)

∂n |∂� = 0 for t > 0 that
∫

�

δ′(φ − l j )φt |∇φ|dx +
∫

�

δ(φ − l j )
∇φ∇φt

|∇φ| dx

= −
∫

�

δ(φ − l j )φt div

( ∇φ

|∇φ|
)

dx,

we obtain
d

dt
Fp(c0(t), c1(t), . . . , cm(t), φ(t, ·))

=
∫

�

| f − c0|pδ(l1 − φ)(−φt )dx

+
m−1∑

j=1

∫

�

| f − c j |pφt
[
δ(φ − l j )H(l j+1 − φ)

− δ(l j+1 − φ)H(φ − l j )
]

dx

+
∫

�

| f − cm |pδ(φ − lm)φt dx

−µ

m∑

j=1

∫

�

δ(φ − l j )φt div

( ∇φ

|∇φ|
)

dx

= −
∫

�

φt

⎧
⎨

⎩
| f − c0|pδ(l1 − φ)

+
m∑

j=1

| f − c j |p [δ(l j+1 − φ)H(φ − l j )

− δ(φ − l j )H(l j+1 − φ)
]− | f − cm |pδ(φ − lm)

+ µ

m∑

j=1

δ(φ − l j )div

( ∇φ

|∇φ|
)
⎫
⎬

⎭
dx .
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Image segmentation using a multilayer level-set approach 271

Since φ satisfies (3), we obviously obtain that

d

dt
Fp(c0(t), c1(t), . . . , cm(t), φ(t, ·)) = −

∫

�

(φt )
2dx ≤ 0.

�

Existence of minimizers We show existence of minimizers
of the above functional (we limit ourselves to the case p = 2
for the purpose of illustration). Assume f ∈ L∞(�), that
� is open, bounded, connected and with Lipschitz boundary
∂�. Let us denote by χ j = H(φ − l j ), 1 ≤ j ≤ m, where
now χ j have to be characteristic functions of sets E j , with
E j+1 ⊂ E j (this means that if χ j+1(x) = 1 at some point
x ∈ �, then χ j (x) = 1 also). This will guarantee that in the
new formulation we have

1 − χ1(x) +
m−1∑

j=1

χ j (x)(1 − χ j+1(x)) + χm(x) ≡ 1

for all x ∈ �, i.e., a perfect partition.
Then the problem (2) for p = 2 can be reformulated as

inf
χ1,χ2,...,χm

F(χ1, χ2, . . . , χm) (5)

where

F(χ1, χ2, . . . , χm) =
∫

�

( f − c1(χ1))
2(1 − χ1)dx (6)

+
m−1∑

j=1

∫

�

( f − c j (χ j , χ j+1))
2χ j (1 − χ j+1)dx

+
∫

�

( f − cm(χm))2χmdx + µ

m−1∑

j=1

∫

�

|∇χ j |,

with

c1(χ1) =
∫
�

f (x)(1 − χ1)dx
∫
�
(1 − χ1)dx

,

c j (χ j , χ j+1) =
∫
�

f (x)χ j (1−χ j+1)dx
∫
�

χ j (1−χ j+1)dx
, 1≤ j≤m − 1,

cm(χm) =
∫
�

f (x)χmdx
∫
�

χmdx
.

Theorem 2 The minimization problem (5), with F defined in
(6), has a minimizer (χ1, . . . , χm) ∈ BV (�)m, with χ j (x) ∈
{0, 1} dx-a.e. for 1 ≤ j ≤ m, and χ j (x) ≥ χ j+1(x) dx-a.e.
in �.

Proof The energy F from (6) satisfies F ≥ 0. Also, it is
easy to find characteristic functions χ j = χE j , 1 ≤ j ≤ m,
with E j+1 ⊂ E j , E j with finite perimeter in � or finite total
variation in �, such that F(χ1, χ2, . . . , χm) < ∞. These

two conditions on F will guarantee that the infimum is finite
and therefore there is a minimizing sequence χk

j , such that

inf
χ1,...,χm

F(χ1, . . . , χm) = lim
k→∞ F(χk

1 , χk
2 , . . . , χk

m),

satisfyingχk
j ∈ BV (�),χk

j (x) ∈ {0, 1}dx-a.e in�,χk
j (x) ≥

χk
j+1(x) dx-a.e. in �.

Taking such a minimizing sequence (χk
1 , . . . , χk

m) of F ,
as k → ∞, among characteristic functions of sets of finite
perimeter in � (i.e., with boundary of finite length), and since
� is bounded, we obtain that ‖χk

j ‖BV (�) = ∫
�

|∇χk
j | +

‖χk
j ‖L1(�) ≤ M < ∞ for any k ≥ 1. Therefore, based on

the lower semi-continuity of the total variation [13], we can
extract a subsequence, still denoted by (χk

1 , . . . , χk
m), such

that each χk
i converges to a function χi ∈ BV (�) strongly

in L1(�), and such that
∫
�

|∇χi | ≤ lim infk→∞
∫
�

|∇χk
i |.

Moreover, the functions χ j , j = 1, . . . , m have to be equal
to 0 or 1 almost everywhere (due to the strong convergence in
L1, thus pointwise convergence dx.-a.e. and that χk

j ∈ {0, 1}
dx.-a.e.), therefore these must be characteristic functions of
sets of finite perimeter in �. We also must have in the limit,
χ j (x) ≥ χ j+1(x), dx.-a.e. in �.

On the other hand, it is easy to verify that

lim
k→∞ c1(χ

k
1 ) = c1(χ1),

lim
k→∞ c j (χ

k
j , χ

k
j+1) = c j (χ j , χ j+1), 1 ≤ j ≤ m − 1,

lim
k→∞ cm(χk

m) = cm(χ1).

Then, we deduce that

F(χ1, . . . , χm) ≤ lim inf
k→∞ F(χk

1 , . . . , χk
m),

therefore existence of minimizers among characteristic func-
tions χ1, . . . , χm of sets of finite perimeter in � and with
χ j ≥ χ j+1. �

Convergence to the length term Generalizing a result of
Samson et al. [24,25], we can show that our approximat-
ing functional Lε(φ) = ∫

�
|∇Hε(φ)|dx = ∫

�
δε(φ)|∇φ|dx

converges to the length |�| of the zero-level line � = {x ∈
� : φ(x) = 0}, under the assumption that φ : � → R is
Lipschitz. The same result holds for the case of any l-level
curve of φ, and not only for the 0-level curve.

Theorem 3 Let us define

Lε(φ) =
∫

�

|∇Hε(φ)|dx =
∫

�

δε(φ)|∇φ|dx .

Then we have

lim
ε→0

Lε(φ) =
∫

{φ=0}
ds = |�|,

where � = {φ = 0}.
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272 G. Chung, L. A. Vese

Proof Using Co-area formula [13], we have:

Lε(φ) =
∫

R

⎡

⎢
⎣

∫

φ=ρ

δε(φ(x))ds

⎤

⎥
⎦ dρ

=
∫

R

⎡

⎢
⎣δε(ρ)

∫

φ=ρ

ds

⎤

⎥
⎦ dρ.

By setting h(ρ) = ∫
φ=ρ

ds, we obtain

Lε(φ) =
∫

R

δε(ρ)h(ρ)dρ =
∫

R

1

π

ε

ε2 + ρ2 h(ρ)dρ.

By the change of variable θ = ρ
ε

, we obtain

lim
ε→0

Lε(φ) = lim
ε→0

∫

R

1

π

ε2

ε2 + ε2θ2 h(θε)dθ

= lim
ε→0

∫

R

1

π

1

1 + θ2 h(θε)dθ

= h(0)

∫

R

1

π

1

1 + θ2 dθ

= h(0)
1

π
arctan θ |+∞−∞

= h(0) =
∫

φ=0

ds = |�|,

which concludes the proof. �
In general, this convergence result is valid for any approx-

imations Hε, δε, under the assumptions

lim
ε→0

Hε(x) = H(x) in R \ {0},

δε = H ′
ε, Hε ∈ C1(R),

∫ +∞
−∞ δ1(x)dx = 1.

2.2 The case of two functions

As in [27], we can extend the multilayer model from the
previous section to the case of more than one-level set func-
tion. This may be needed for instance for images with triple
junctions and with more complex structure. Let φ1, φ2 be
two-level set functions, with distinct levels {l1 < · · · < lm}
and {k1 < · · · < kn}, respectively, and m, n ≥ 1 (to simplify
the notations, we introduce the conventions l0 = k0 = −∞
and lm+1 = kn+1 = ∞). For i = 0, . . . , m and j = 0, . . . , n,
we let

Ri, j = {x ∈ � : li ≤ φ1(x) ≤ li+1, k j ≤ φ2(x) ≤ k j+1},
and let ci, j be the unknown constant such that f ≈ ci, j in the
region Ri, j . The corresponding energy to be minimized for
multilayer image segmentation, with respect to the unknowns

c = (ci, j )0≤i≤m, 0≤ j≤n , and � = (φ1, φ2), can be expressed
as

Fp(c,�) =
m∑

i=0

n∑

j=0

∫

�

| f (x) − ci, j |p H(φ1(x) − li )

× H(li+1 − φ1(x))H(φ2(x) − k j )

× H(k j+1 − φ2(x))dx

+µ

⎡

⎣
m∑

i=1

∫

�

|∇H(φ1 − li )|dx

+
n∑

j=1

∫

�

|∇H(φ2 − k j )|dx

⎤

⎦ ,

which is equivalent with

Fp(c,�) =
m−1∑

i=1

n−1∑

j=1

∫

�

| f (x) − ci, j |p H(φ1(x) − li )

× H(li+1 − φ1(x))H(φ2(x) − k j )

× H(k j+1 − φ2(x))dx

+
m−1∑

i=1

∫

�

| f (x) − ci,0|p H(φ1(x) − li )

× H(li+1 − φ1(x))H(k1 − φ2(x))dx

+
m−1∑

i=1

∫

�

| f (x) − ci,n|p H(φ1(x) − li )

× H(li+1 − φ1(x))H(φ2(x) − kn)dx

+
n−1∑

j=1

∫

�

| f (x) − c0, j |p H(φ2(x) − k j )

× H(k j+1 − φ2(x))H(l1 − φ1(x))dx

+
n−1∑

j=1

∫

�

| f (x) − cm, j |p H(φ2(x) − k j )

× H(k j+1 − φ2(x))H(φ1(x) − lm)dx

+
∫

�

| f (x) − c0,0|p H(l1 − φ1(x))

× H(k1 − φ2(x))dx

+
∫

�

| f (x) − c0,n|p H(l1 − φ1(x))

× H(φ2(x) − kn)dx

+
∫

�

| f (x) − cm,0|p H(φ1(x) − lm)

× H(k1 − φ2(x))dx

+
∫

�

| f (x) − cm,n|p H(φ1(x) − lm)

× H(φ2(x) − kn)dx
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+µ

⎡

⎣
m∑

i=1

∫

�

|∇H(φ1 − li )|dx

+
n∑

j=1

∫

�

|∇H(φ1 − k j )|dx

⎤

⎦ .

The segmented image will be given by

u =
m−1∑

i=1

n−1∑

j=1

ci, j H(φ1 − li )H(li+1 − φ1)

× H(φ2 − k j )H(k j+1 − φ2)

+
m−1∑

i=1

ci,0 H(φ1 − li )H(li+1 − φ1)H(k1 − φ2)

+
m−1∑

i=1

ci,n H(φ1 − li )H(li+1 − φ1)H(φ2 − kn)

+
n−1∑

j=1

c0, j H(φ2 − k j )H(k j+1 − φ2)H(l1 − φ1)

+
n−1∑

j=1

cm, j H(φ2 − k j )H(k j+1 − φ2)H(φ1 − lm)

+ c0,0 H(l1 − φ1)H(k1 − φ2)

+ c0,n H(l1 − φ1)H(φ2 − kn)

+ cm,0 H(φ1 − lm)H(k1 − φ2)

+ cm,n H(φ1 − lm)H(φ2 − kn).

The associated Euler–Lagrange equations are, in a time-
dependent gradient descent approach, with given initial guess
φ1(0, x) = φ1,0(x), φ2(0, x) = φ2,0(x): if p = 2, for 1 ≤
i ≤ m − 1, 1 ≤ j ≤ n − 1, the constants ci, j are explicitely
given by averages (means) of f over each Ri, j ,

ci, j (t)

=
∫
�

f H(φ1 − li )H(li+1 − φ1)H(φ2 − k j )H(k j+1 − φ2)dx
∫
�

H(φ1 − li )H(li+1 − φ1)H(φ2 − k j )H(k j+1 − φ2)dx
,

ci,0(t) =
∫
�

f H(φ1 − li )H(li+1 − φ1)H(k1 − φ2)dx
∫
�

H(φ1 − li )H(li+1 − φ1)H(k1 − φ2)dx
,

ci,n(t) =
∫
�

f H(φ1 − li )H(li+1 − φ1)H(φ2 − kn)dx
∫
�

H(φ1 − li )H(li+1 − φ1)H(φ2 − kn)dx
,

c0, j (t) =
∫
�

f H(φ2 − k j )H(k j+1 − φ2)H(l1 − φ1)dx
∫
�

H(φ2 − k j )H(k j+1 − φ2)H(l1 − φ1)dx
,

cm, j (t) =
∫
�

f H(φ2 − k j )H(k j+1 − φ2)H(φ1 − lm)dx
∫
�

H(φ2 − k j )H(k j+1 − φ2)H(φ1 − lm)dx
,

c0,0(t) =
∫
�

f H(l1 − φ1)H(k1 − φ2)dx
∫
�

H(l1 − φ1)H(k1 − φ2)dx
,

c0,n(t) =
∫
�

f H(l1 − φ1)H(φ2 − kn)dx
∫
�

H(l1 − φ1)H(φ2 − kn)dx
,

cm,0(t) =
∫
�

f H(φ1 − lm)H(k1 − φ2)dx
∫
�

H(φ1 − lm)H(k1 − φ2)dx
,

cm,n(t) =
∫
�

f H(φ1 − lm)H(φ2 − kn)dx
∫
�

H(φ1 − lm)H(φ2 − kn)dx
.

For p = 1, the constants ci, j are again the medians of f
over the regions Ri, j , respectively:

ci, j = medianRi, j f (x),

for 0 ≤ i ≤ m, 0 ≤ j ≤ n.
For any p ≥ 1, the unknown functions φ1 and φ2 are solu-

tions of the following system of partial differential equations,
obtained using gradient descent with time parameterization:
given φ1,0(x) = φ1(0, x), φ2,0(x) = φ2(0, x), for t > 0
solve for φ1

∂φ1

∂t
=

m−1∑

i=1

n−1∑

j=1

| f − ci, j |p

× [−δ(φ1 − li )H(li+1 − φ1)H(φ2 − k j )H(k j+1 − φ2)

+ δ(li+1 − φ1)H(φ1 − li )H(φ2 − k j )H(k j+1 − φ2)
]

+
m−1∑

i=1

| f − ci,0|p [−δ(φ1 − li )H(li+1 − φ1)H(k1 − φ2)

+ δ(li+1 − φ1)H(φ1 − li )H(k1 − φ2)
]

+
m−1∑

i=1

| f − ci,n|p [−δ(φ1 − li )H(li+1 − φ1)H(φ2 − kn)

+ δ(li+1 − φ1)H(φ1 − li )H(φ2 − kn)
]

+
n−1∑

j=1

| f − c0, j |pδ(l1 − φ1)H(φ2 − k j )H(k j+1 − φ2)

−
n−1∑

j=1

| f − cm, j |pδ(φ1 − lm)H(φ2 − k j )H(k j+1 − φ2)

+ | f − c0,0|pδ(l1 − φ1)H(k1 − φ2)

+ | f − c0,n|pδ(l1 − φ1)H(φ2 − kn)

− | f − cm,0|pδ(φ1 − lm)H(k1 − φ2)

− | f − cm,n|pδ(φ1 − lm)H(φ2 − kn)

+µ

m∑

i=1

[

δ(φ1 − li )div

( ∇φ1

|∇φ1|
)]

,

∂φ1

∂n
|∂� = 0,

and for φ2,

∂φ2

∂t
=

m−1∑

i=1

n−1∑

j=1

| f − ci, j |p

× [−δ(φ2 − k j )H(k j+1 − φ2)H(φ1 − li )H(li+1 − φ1)

+ δ(k j+1 − φ2)H(φ2 − k j )H(φ1 − li )H(li+1 − φ1)
]
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Fig. 3 Partitioning of the domain � into disjoint regions using level
lines {l1, . . . , lm} and {k1, . . . , kn} of two functions φ1 and φ2, respec-
tively

+
n−1∑

j=1

| f −c0, j |p [−δ(φ2−k j )H(k j+1−φ2)H(l1−φ1)

+ δ(k j+1 − φ2)H(φ2 − k j )H(l1 − φ1)
]

+
n−1∑

j=1

| f − cm, j |p [−δ(φ2−k j )H(k j+1−φ2)H(φ1−lm)

+ δ(k j+1 − φ2)H(φ2 − k j )H(φ1 − lm)
]

+
m−1∑

i=1

| f − ci,0|pδ(k1 − φ2)H(φ1 − li )H(li+1 − φ1)

−
m−1∑

i=1

| f − ci,n|pδ(φ2 − kn)H(φ1 − li )H(li+1 − φ1)

+ | f − c0,0|pδ(k1 − φ2)H(l1 − φ1)

− | f − c0,n|pδ(φ2 − kn)H(l1 − φ1)

+ | f − cm,0|pδ(k1 − φ2)H(φ1 − lm)

− | f − cm,n|pδ(φ2 − kn)H(φ1 − lm)

+µ

n∑

j=1

[

δ(φ2 − k j )div

( ∇φ2

|∇φ2|
)]

,

∂φ2

∂n
|∂� = 0.

We show in Fig. 3 a generic example of partition of the
domain �, using level lines corresponding to two continuous
functions φ1, φ2. The details of the model in the case p = 2,
m = n = 2 are given in [8].

The corresponding theoretical results for this case can be
obtained in the same way as in the previous section. Note

that, as in the multi-phase models from [27,28], when two-
level set functions are used to represent the contours, as in
this subsection, it is possible that two-level lines of different
functions φ1 and φ2 may partially overlap, and therefore by
the above formulation the length of the common contour will
be counted more than once and will have a different weight.
This is different from the Mumford and Shah energy [18].
This is not a problem in practice, as seen in the numerical
approximations. Moreover, this can be simply avoided, as
explained in [28].

3 Experimental results and comparisons

We show in this section experimental results applied to syn-
thetic and real images, in the case of quadratic data fidelity
terms (p = 2). In each figure, we show the evolution over
time of the segmented image u of averages (left column), and
the evolving set of curves superposed over the initial image
f (right column). We also give the main parameters used in
the calculations and the CPU times, together with the evo-
lution of the energy versus iterations. We have used here a
finite differences semi-implicit numerical discretization, and
the details are given in the Appendix.

In Figs. 4 and 5, we illustrate how the multilayer model
works on simple synthetic images without noise, using one-
level set function φ and m = 3 levels. These results also
illustrate the change of topology.

In Figs. 6 and 7, we illustrate how the multilayer model
works on real noisy images of poor resolution, represent-
ing blood cells. Here, the model with m = 2 level lines of
the same function φ has been applied, producing very sat-
isfactory results. Note in both figures how the second-level
appears during iterations, and also the automatic detection of
interior contours.

We note that in all these cases, in the piecewise-constant
segmentation models from [24,25,27], it would have been
needed more than one function φ for the segmentation, there-
fore more computational storage would be required. In prac-
tice, we do not impose that φ is Lipschitz continuous. The
parameter levels l1, l2, . . . are here kept constant and fixed
for almost all our different experimental calculations. These
can also be specified by the user. We have not implemented
an automatic procedure of selection of these parameter lev-
els. Sometimes, these could be estimated if a statistical prior
exists about the contours or level lines of the data. We note
that the algorithm is not sensitive with respect to the change
of these parameter levels li . As in the model from [27], only
an upper bound of the phases is needed. For instance we can
segment an image into two regions, using the model with
one-level set function and two levels (therefore with three
regions in theory, but only two regions will appear in prac-
tice). Note that in all cases, the energy reaches a minimum
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Fig. 4 Segmentation of a synthetic image of several objects with a
nested structure, using one-level set function φ and three levels. Para-
meters: l1 = 0, l2 = 25, l3 = 35, �t = 0.1, µ = 0.0000511 × 2552,
200 iterations, CPU time 4.015 s

0 10 20 30 40 50 60 70 80 90 100
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2 x 107

 Iterations 

 E
ne

rg
y 

Energy/Iteration

Fig. 5 Segmentation of a synthetic image of several objects with a
nested structure, using one-level set function φ and three levels. Para-
meters: l1 = 0, l2 = 25, l3 = 35, �t = 0.1, µ = 0.0101 × 2552, 100
iterations, CPU time 1.586 s
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Fig. 6 Segmentation of a real blood cells image, using one-level set
function φ and two levels. Parameters: l1 = 0, l2 = 20, �t = 0.5,
µ = 0.01, ν = 0.004 (different length term weights), 500 iterations,
CPU time 68.78 s
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Fig. 7 Segmentation of a real blood cells image, using one-level set
function φ and two levels. Parameters: l1 = 0, l2 = 25, �t = 0.5,
µ = 0.01, ν = 0.005 (different length term weights), 500 iterations,
CPU time 68.78 s

(local or global) very fast, only after a small number of iter-
ations. The main varying parameter in this set of results is
the coefficient of the length term, which has a scaling role.
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Note that in Fig. 4, during the evolution, two distinct level
lines of the same function φ can become very close in posi-
tion, almost like for a triple junction, but without overlap.

The calculations have been performed on an IBM laptop
computer, in C++, with single processor of 1,600 MHz speed.

We show next numerical results on images with junctions,
using our proposed new model with two functions φ1, φ2 and
each with two levels {0, l} (with details of the model in this
case given in [8]).

We present in Fig. 8 a numerical result of segmentation
and partition of a noisy synthetic image, composed of five
regions of distinct intensities. All regions and corresponding
intensities are correctly detected and represented. The model
uses nine phases in theory, but at steady state only five appear.
We also present in Fig. 9 a comparison with the multi-phase
model introduced in [27] (using three level set functions).
Note that the new multilayer model reaches faster the steady
state, only after 40 iterations. By the previous model [27],
the energy has not yet reached a steady state after 300 itera-
tions. The CPU time comparison shows that the new model
produces faster results. There is no difference in the quality
of the segmentation (the RMSE’s are practically the same)
between the two models.

In Fig. 10 we present numerical results obtained for seg-
mentation and partition of another real blood cells image,
using two level set functions φ1, φ2, each with two levels
{0, l}.

3.1 Color image segmentation

For color RGB images f = ( f1, f2, f3), using for example
two-level set functions φ1, φ2, each with two levels {l1 =
k1 = 0, l2 = k2 = l}, the energy is modified in the following
straightforward way (see also [4]), for p ≥ 1:

inf
c1,c2,c3,�

Fp(c1, c2, c3,�)

= 1

3

3∑

i=1

⎧
⎨

⎩

∫

�

[| fi (x) − ci,00|p H(−φ1(x))H(−φ2(x))

+ | fi (x) − ci,10|p H(φ1(x))H(l − φ1(x))H(−φ2(x))

+ | fi (x) − ci,20|p H(φ1(x) − l)H(−φ2(x))

+ | fi (x) − ci,01|p H(−φ1(x))H(φ2(x))H(l − φ2(x))

+ | fi (x) − ci,11|p H(φ1(x))H(l − φ1(x))

× H(φ2(x))H(l − φ2(x))

+ | fi (x) − ci,21|p H(φ1(x) − l)H(φ2(x))H(l − φ2(x))

+ | fi (x) − ci,02|p H(−φ1(x))H(φ2(x) − l)

+ | fi (x) − ci,12|p H(φ1(x))H(l − φ1(x))H(φ2(x) − l)

+ | fi (x) − ci,22|p H(φ1(x) − l)H(φ2(x) − l)
]

dx

⎫
⎬

⎭

+µ

⎡

⎣
∫

�

|∇H(φ1)| +
∫

�

|∇H(φ1 − l)|

+
∫

�

|∇H(φ2)| +
∫

�

|∇H(φ2 − l)|
⎤

⎦ ,

where

ci = (ci,00, ci,10, ci,20, ci,01, ci,11, ci,21, ci,02, ci,12, ci,22)

is the unknown vector of averages for the channel i , and
� = (φ1, φ2) is a vector-valued unknown function of two
components. The associated Euler–Lagrange equations can
be written in a similar way, embedding the minimization in
a dynamical scheme, and starting with φ1(0, x) = φ1,0(x),
φ2(0, x) = φ2,0(x). We have that for p = 2, the unknown
constants ci,kl are given by the averages of the data fi on
their corresponding regions Ri,kl , 1 ≤ i ≤ 3, 0 ≤ k, l ≤ 2,
as follows:

ci,00(t) =
∫
�

fi H(−φ1)H(−φ2)dx
∫
�

H(−φ1)H(−φ2)dx
,

ci,10(t) =
∫
�

fi H(φ1)H(l − φ1)H(−φ2)dx
∫
�

H(φ1)H(l − φ1)H(−φ2)dx
,

ci,20(t) =
∫
�

fi H(φ1 − l)H(−φ2)dx
∫
�

H(φ1 − l)H(−φ2)dx
,

ci,01(t) =
∫
�

fi H(−φ1)H(φ2)H(l − φ2)dx
∫
�

H(−φ1)H(φ2)H(l − φ2)dx
,

ci,11(t) =
∫
�

fi H(φ1)H(φ2)H(l − φ1)H(l − φ2)dx
∫
�

H(φ1)H(φ2)H(l − φ1)H(l − φ2)dx
,

ci,21(t) =
∫
�

fi H(φ1 − l)H(φ2)H(l − φ2)dx
∫
�

H(φ1 − l)H(φ2)H(l − φ2)dx
,

ci,02(t) =
∫
�

fi H(−φ1)H(φ2 − l)dx
∫
�

H(−φ1)H(φ2 − l)dx
,

ci,12(t) =
∫
�

fi H(φ1)H(l − φ1)H(φ2 − l)dx
∫
�

H(φ1)H(l − φ1)H(φ2 − l)dx
,

ci,22(t) =
∫
�

fi H(φ1 − l)H(φ2 − l)dx
∫
�

H(φ1 − l)H(φ2 − l)dx
,

while for p = 1 these are the medians of fi over the same
corresponding regions Ri,kl .
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Fig. 8 Segmentation of a noisy synthetic image with triple junctions,
using two functions φ1, φ2 and two levels. Parameters: l1 = 0, l2 = 25,
�t = 0.4, µ = 0.023 × 2552, 200 iterations, CPU time 13.985 s,
RMSE = 52.3226
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Fig. 9 Segmentation obtained using the model from [27], using three-
level set functions (eight phases), each zero-level-line of φi representing
a curve. Parameters: l = 0, �t = 0.4, µ = 0.06 × 2552, 350 iterations,
CPU time 30.967 s, RMSE = 52.70172
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Fig. 10 Segmentation of a real blood cells image with junctions, using
two functions φ1, φ2 and two levels. Parameters: l1 = 0, l2 = 25,
�t = 0.4, µ = 0.05 × 2552, 100 iterations, CPU time 10.814 s

For any p ≥ 1, the unknown functions φ1 and φ2 are
solutions of the following equations:

φ1(0, x) = φ1,0(x), φ2(0, x) = φ2,0(x),

∂φ1

∂t
= δε(φ1)

{
1

3

3∑

i=1

[| f − ci,00|p H(−φ2)

− | f − ci,10|p H(l − φ1)H(−φ2)

+ | f − ci,01|p H(φ2)H(l − φ2)

− | f − ci,11|p H(l − φ1)H(φ2)H(l − φ2)

+ | f − ci,02|p H(φ2 − l)

− | f − ci,12|p H(l − φ1)H(φ2 − l)
]+ µdiv

( ∇φ1

|∇φ1|
)}

+ δε(φ1 − l)

{
1

3

3∑

i=1

[| f − ci,10|p H(φ1)H(−φ2)

− | f − ci,20|p H(−φ2)

+ | f − ci,11|p H(φ1)H(φ2)H(l − φ2)

− | f − ci,21|p H(φ2)H(l − φ2)

+ | f − ci,12|p H(φ1)H(φ2 − l)

− | f − ci,22|p H(φ2 − l)
]+ µdiv

( ∇φ1

|∇φ1|
)}

,

∂φ2

∂t
= δε(φ2)

{
1

3

3∑

i=1

[| f − ci,00|p H(−φ1)

− | f − ci,01|p H(−φ1)H(l − φ2)

+ | f − ci,10|p H(φ1)H(l − φ1)

− | f − ci,11|p H(φ1)H(l − φ1)H(l − φ2)

+ | f − ci,20|p H(φ1 − l)

− | f − ci,21|p H(φ1 − l)H(l − φ2)
]+ µdiv

( ∇φ2

|∇φ2|
)}

+ δε(φ2 − l)

{
1

3

3∑

i=1

[| f − ci,01|p H(−φ1)H(φ2)

− | f − ci,02|p H(−φ1)

+ | f − ci,11|p H(φ1)H(l − φ1)H(φ2)

− | f − ci,12|p H(φ1)H(l − φ1)

+ | f − ci,21|p H(φ1 − l)H(φ2)

− | f − ci,22|p H(φ1 − l)
]+ µdiv

( ∇φ2

|∇φ2|
)}

.
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In Fig. 11 we show a numerical result, taken from [8], of a
noisy synthetic color image consisting of 9 regions of distinct
intensities. This can be seen as an extension of the work [4].

4 The choice of curve regularization

In the previous sections, the regularization on the level lines
{φ(x) = li } was imposed by penalizing the length of con-
tours, in the spirit of the Mumford and Shah functional [18]
(in fact, this corresponds to the counting measure in one
dimension, the length measure in two dimensions, and the
surface area measure in three dimensions). Thus, for the case
of one function φ with m levels, the geometric regularization
was of the form:

• Length regularization:

R(φ) = µ

m∑

i=1

∫

�

|∇H(φ − li )|dx,

that gives the following term in the Euler–Lagrange
equation:

∂φ

∂t
= (fidelity terms) + µ

m∑

i=1

δ(φ − li )div

( ∇φ

|∇φ|
)

.

We discuss and propose here other regularizations, that
act on all level lines {φ(x) = li }, as follows:

• Total variation regularization as in image restoration [23]

R(φ) = µ

∫

�

|∇φ|dx,

that gives the following term in the Euler–Lagrange
equation:

∂φ

∂t
= (fidelity terms) + µ div

( ∇φ

|∇φ|
)

,

or smoothing only in the tangent direction of each level
line.

• Mean curvature regularization [19], directly in the PDE
form,

∂φ

∂t
= (fidelity terms) + µ|∇φ|div

( ∇φ

|∇φ|
)

.
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Fig. 11 Segmentation of noisy synthetic color image with junctions,
using two functions φ1, φ2 and two levels. Parameters: l1 = 0, l2 = 25,
�t = 0.01, µ = 0.335×2552, 160 iterations, CPU time 10.975 s. Note
that the image contains nine different regions, all correctly detected and
segmented in an efficient approach
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• H1 regularization

R(φ) = µ

∫

�

|∇φ|2dx,

that gives the following term in the Euler–Lagrange
equation:

∂φ

∂t
= (fidelity terms) + 2µ�φ,

in other words pure isotropic smoothing at every point x .
• Sup-norm of the gradient regularization or W 1,∞ reg-

ularization (also called AMLE, “absolutely minimizing
Lipschitz extensions”):

R(φ) = µ‖|∇φ|‖L∞(�),

that gives the following term in the Euler–Lagrange
equation:

∂φ

∂t
= (fidelity terms) + µ�∞φ,

where �∞φ = D2φ(
∇φ
|∇φ| ,

∇φ
|∇φ| ) is the normalized infin-

ity Laplacian. We refer to [1,3,15] for the derivation of
this differential equation and applications (note that the
functional is no longer of integral form, so the Euler–
Lagrange equation cannot be directly computed). This
smoothing of φ, only in the normal direction of level lines
of φ, is the strongest one among those mentioned above.

We illustrate in Figs. 12, 13, 14, 15, and 16 the effect of
using these regularizations for the function φ, in the model
with one-level set function and m = 3 levels, all applied to
the segmentation of a synthetic noisy image with concentric
geometric objects (we do not show the evolution over itera-
tions, we only show the steady states). In all cases, we show
the final levels l1, l2, l3 of φ over the original image f , the
piecewise-constant segmented image u of averages, a con-
tour plot of φ (every ten levels), and the surface graph of the
function φ. We see that in the case of length regularization
or TV regularization, the level set function, as expected, is
not continuous and its level lines tend to overlap; while with
the smoother regularizations H1 or W 1,∞, the function φ as
expected remains continuous, and the contour plot shows,
especially in the case of the W 1,∞ regularization, that the
level lines are more equally spread, as for a signed-distance
function. However, there is no need of re-initialization to the
distance function. Higher-order regularizations could have
been used, coming from a bending energy term. Fig. 12 Results using length regularization
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Fig. 13 Results using TV regularization Fig. 14 Results using mean curvature motion regularization
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Fig. 15 Results using H1 regularization Fig. 16 Results using sup-norm of the gradient regularization
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Appendix

Description of the numerical algorithm We give here the
details of our numerical algorithm in two dimensions, in the
case of one function φ with two levels {l1 = 0, l2 = l > 0}
and p = 2. Let h be the space step, �t be the time step, and
ε = h. Let (xi , y j ) be the discrete points, for 1 ≤ i, j ≤ M ,
and fi, j ≈ f (xi , y j ), φn

i, j ≈ φ(n�t, xi , y j ), with n ≥ 0.
Recall the usual finite differences formulas

�x+φi, j = φi+1, j − φi, j ,

�x−φi, j = φi, j − φi−1, j ,

�y
+φi, j = φi, j+1 − φi, j ,

�y
−φi, j = φi, j − φi, j−1.

Set n = 0, and start with φ0
i, j given (defining the initial

set of curves). Then, for each n > 0 until steady state:

1) compute averages cn
1 ≈ c1(n�t), cn

2 ≈ c2(n�t), and
cn

3 ≈ c3(n�t).
2) compute φn+1

i, j , derived from the finite differences
scheme:

φn+1
i, j − φn

i, j

�t
= δε(φ

n
i, j )

[
µ

h2

(

�x−

(
φn

i+1, j − φn+1
i, j

|∇φn
i, j |

)

+ �y
−

(
φn

i, j+1 − φn+1
i, j

|∇φn
i, j |

))

+ | fi, j − cn
1 |2 − | fi, j − cn

2 |2 Hε(l − φn
i, j )

]

+δε(φ
n
i, j − l)

[
µ

h2

(

�x−

(
φn

i+1, j − φn+1
i, j

|∇φn
i, j |

)

+ �y
−

(
φn

i, j+1 − φn+1
i, j

|∇φn
i, j |

))

− | fi, j − cn
3 |2 + | fi, j − cn

2 |2 Hε(φ
n
i, j )

]

,

where |∇φn
i, j | =

√(
φn

i+1, j −φn
i, j

h

)2

+
(

φn
i, j+1−φn

i, j
h

)2

.Let

C1 = 1
√(

φn
i+1, j −φn

i, j
h

)2

+
(

φn
i, j+1−φn

i, j
h

)2
,

C2 = 1
√(

φn
i, j −φn

i−1, j
h

)2

+
(

φn
i−1, j+1−φn

i−1, j
h

)2
,

C3 = 1
√(

φn
i+1, j −φn

i, j
h

)2

+
(

φn
i, j+1−φn

i, j
h

)2
,

C4 = 1
√(

φn
i+1, j−1−φn

i, j−1
h

)2

+
(

φn
i, j −φn

i, j−1
h

)2
.

Let m1 = �t
h2 (δε(φ

n
i, j )+δε(φ

n
i, j −l))µ, C = 1+m1(C1 +

C2 + C3 + C4). The main update equation for φ becomes

φn+1
i, j = 1

C

[
φn

i, j + m1(C1φ
n
i+1, j + C2φ

n
i−1, j

+C3φ
n
i, j+1 + C4φ

n
i, j−1)

+�tδε(φ
n
i, j )(−( fi, j − cn

2)2(1 − Hε(φ
n
i, j − l))

+ ( fi, j − cn
3)2) + �tδε(φ

n
i, j − l)(−( fi, j − cn

1)2

+ ( fi, j − cn
2)2 Hε(φ

n
i, j ))

]
,

and repeat, until steady state is reached.

References

1. Aronsson, G.: Extension of functions satisfying Lipschitz condi-
tions. Ark. Mat. 6(6), 551–561 (1967)

2. Caflisch, R.E., Gyure, M.F., Merriman, B., Osher, S., Ratsch, C.,
Vvedensky, D.D., Zinck, J.J.: Island dynamics and the level set
method for epitaxial growth. Appl. Math. Lett. 12(4), 13 (1999)

3. Caselles, V., Morel, J.-M., Sbert, C.: An axiomatic approach
to image interpolation. IEEE Trans. Image Process. 7(3), 376–
386 (1998)

4. Chan, T.F., Sandberg, B.Y., Vese, L.A.: Active contours without
edges for vector-valued images. J. Vis. Commun. Image Repre-
sent. 11(2), 130–141 (2000)

5. Chan, T.F., Vese, L.: An active contour model without edges. In:
Scale-Space Theories in Computer Vision, Lecture Notes in Com-
puter Science, Vol. 1682, pp. 141–151 (1999)

6. Chan, T.F., Vese, L.A.: Active contours without edges. IEEE Trans.
Image Process. 10(2), 266–277 (2001)

7. Chen, S., Kang, M., Merriman, B., Caflisch, R.E., Ratsch, C., Fed-
kiw, R., Gyure, M.F., Osher, S.: Level set method for thin film
epitaxial growth. J. Comput. Phys. 167, 475 (2001)

8. Chung, G., Vese, L.A.: Energy minimization based segmentation
and denoising using a multilayer level set approach. In: Rangarajan,
A., Vemuri, B., Yuille, A.L. (eds.) Energy Minimization Methods in

123



Image segmentation using a multilayer level-set approach 285

Computer Vision and Pattern Recognition, 5th International Work-
shop, EMMCVPR 2005, St Augustine, FL, USA, 9–11 November
2005. LNCS, Vol. 3757/2005, pp. 439–455 (2005)

9. Cohen, L.D.: Avoiding local minima for deformable curves in
image analysis. In: Le Méhauté, A., Rabut, C., Schumaker L.L.
(eds.) Curves and Surfaces with Applications in CAGD, pp. 77–84
(1997)

10. Cohen, L., Bardinet, E., Ayache, N.: Surface reconstruction using
active contour models. In: Proceedings of SPIE 93 Conference on
Geometric Methods in Computer Vision, San Diego (1993)

11. Dervieux, A., Thomasset, F.: A finite element method for the simu-
lation of Rayleigh–Taylor instability. Lect. Notes Math. 771, 145–
159 (1979)

12. Dervieux, A., Thomasset, F.: Multifluid incompressible flows by a
finite element method. Lect. Notes Phys. 141, 158–163 (1980)

13. Evans L.C., Gariepy, R.: Measure Theory and Fine Properties of
Functions. CRC Press, London (1992)

14. Gyure, M.F., Ratsch, C., Merriman, B., Caflisch, R.E., Osher, S.,
Zinck, J.J., Vvedensky, D.D.: Level set methods for the simulation
of epitaxial phenomena. Phys. Rev. E 58, R6927 (1998)

15. Jensen, R.: Uniqueness of Lipschitz extensions—minimizing the
sup norm of the gradient. Arch. Ration. Mech. Anal. 123(1), 51–
74 (1993)

16. Kimmel, R.: Fast Edge Integration. In: Osher S., Paragios N. (eds)
Geometric Level Set Methods in Imaging, Vision and Graphics,
pp.59–77. Springer, Heidelberg (2003)

17. Lie, J., Lysaker, M., Tai, X.-C.: A Binary Level Set Model and
Some Applications to Mumford-Shah Image Segmentation. IEEE
Trans. Image Process. 15(5), 1171–1181 (2006)

18. Mumford, D., Shah, J.: Optimal approximation by piecewise
smooth functions and associated variational problems. Comm. Pure
Appl. Math. 42, 577–685 (1989)

19. Osher, S., Sethian, J.: Fronts propagating with curvature-
dependent speed—algorithms based on Hamilton–Jacobi formu-
lations. JCP 79(1), 12–49 (1988)

20. Paragios, N., Deriche, R.: Unifying boundary and region-based
information for geodesic active tracking. Proc. Comput. Vision
Pattern Recognit. 2,23–25 (1999)

21. Paragios, N., Deriche, R.: Geodesic active regions: a new frame-
work to deal with frame partition problems in computer vision. J.
Vis. Commun. Image Represent. 13(1–2), 249–268 (2002)

22. Paragios, N., Deriche, R.: Geodesic active regions and level set
methods for supervised texture segmentation. IJCV 46(3), 223–
247 (2002)

23. Rudin, L.I., Osher, S., Fatemi, E.: Nonlinear Total variation based
noise removal algorithms. Phys. D Nonlinear Phenomena 60(1–
4), 259–268 (1992)

24. Samson, C., Blanc-Féraud, L., Aubert, G., Zérubia, J.: A Level Set
Model for Image Classification. LNCS, vol. 1682, pp. 306–317

25. Samson, C., Blanc-Féraud, L., Aubert, G., Zérubia, J.: A level set
model for image classification. IJCV 40(3), 187–197 (2000)

26. Tsai, A., Yezzi, A., Willsky, A.S.: Curve evolution implemen-
tation of the Mumford-Shah functional for image segmentation,
denoising, interpolation, and magnification. IEEE Trans. Image
Process. 10(8), 1169–1186 (2001)

27. Vese, L.A., Chan, T.F.: A multiphase level set framework for image
segmentation using the Mumford and Shah model. Int. J. Comput.
Vis. 50(3), 271–293 (2002)

28. Vese, L.: Multiphase Object Detection and Image Segmentation.
In: Osher, S., Paragios, N. (eds.) Geometric Level Set Methods in
Imaging, Vision and Graphics, pp. 175–194. Springer, Heidelberg
(2003)

29. Zhao, H.-K., Chan, T., Merriman, B., Osher, S.: Variational level
set approach to multiphase motion. J. Comput. Phys. 127(1), 179–
195 (1996)

123


	Image segmentation using a multilayer level-set approach
	Abstract
	1 Introduction
	2 Description of the proposed models
	2.1 The case of one function
	2.2 The case of two functions

	3 Experimental results and comparisons
	3.1 Color image segmentation

	4 The choice of curve regularization
	Acknowledgements


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


