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Local minima of information-theoretic criteria in
blind source separation

Dinh-Tuan Pham,Member, IEEE and Frédéric Vrins

Abstract—Recent simulation results have indicated that spuri-
ous minima in information-theoretic contrasts with orthogonality
constraint for blind source separation may exist. Nevertheless,
those results involve approximations (e.g. density estimation), so
that they do not constitute an absolute proof. In this letter, the
problem is tackled from a theoretical point of view: an example is
provided for which it is rigorously proven that spurious min ima
can exist in both mutual information and negentropy contrasts.
The proof is based on a Taylor expansion of the entropy function.

Index Terms—Blind source separation. Independent Compo-
nent Analysis. Entropy. Mutual Information
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I. I NTRODUCTION

Blind source separation aims to extract source vector
S = [S1 · · · SM ]T from observed mixturesX =
[X1 · · · XN ]T, relying mainly only on the independence
assumption of the sources [3]. The simplest and most widely
used mixture model assumes noise-free linear mixtures with
K , M = N : X = AS whereA is aK×K invertible matrix.
As no specific knowledge on the distribution of theSk and the
mixing matrixA is available, a common separation method is
to find an unmixing matrixB such that the extracted sources,
which are the componentsY1, . . . , YK of

Y = BX (1)

be as independent as possible. Another method, which exploits
the link between independence and non Gaussianity, extracts
the most non Gaussian source by finding the vectorb such
thatbT

X is most non Gaussian. Once this source is extracted,
the second most non Gaussian source can be extracted in the
same way but constraining the vectorb such thatbT

X is
uncorrelated with the previously extracted sources, and soon
. . .This is the underlying principle of the deflation approach
of the fastICA algorithm [8].

The above methods require a measure of dependence and
of non Gaussianity. A popular measure of statistical depen-
dence is the mutual information [3], [4]. On the other hand,
a statistically efficient measure of non Gaussianity is the
negentropy [9]. The two measures are related, as they both
involve the entropy of the extracted sources. Although methods
based on them would find the correct sources if theabsolute
minimum of the criteria is reached, in practice, one may get
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stuck in local minima. Experimental investigations [6], [7], in
the case of information-theoretic contrasts with orthogonality
constraint reveal the existence of local minima of the criterion,
which do not correspond to a source but to a mixture. In
this paper, we shall provide a specific example for which the
existence of such spurious (local) minima can be theoretically
rigorously proved, both for the mutual information and the
negentropy-based criterion.

II. SPURIOUS MINIMA OF THE MUTUAL INFORMATION

We consider the separation method which consists in min-
imizing the mutual information criterionI(Y1 , . . . , YK) [2]
between the reconstructed sourcesY1, . . . , YK. Mutual
information can be written in term of entropies as
I(Y1, . . . , YK) =

∑K
k=1H(Yk) − H(Y) where H(Yk) =

−
∫

pYk
(y) log pYk

(y) dy is the entropy ofYk andH(Y) ,

H(Y1, . . . , YK) is defined similarly [2]. AsY = BX, it can be
seen (see e.g. [4]) thatH(Y) = H(X) + log | detB|. There-
fore, minimizingI(Y1, . . . , YK) is equivalent to minimizing

C(B) =
K

∑

k=1

H(Yk) − log det B = I(Y1, . . . , YK) −H(X).

A. Expansion of the criterion up to second order

To see if a pointB minimizes locallyC, we perform
a Taylor expansion ofC around B up to second order.
Because of the multiplicative structure of the mixture model,
it is of interest to consider the relative (rather than absolute)
increment of the parameterB. More precisely, we make a
Taylor development ofC(B + EB) up to second order with
respect to a “small matrix”E . Using the result of [5], we have,
puttingδYi =

∑K
k=1 EikYk:

H(Yi + δYi) = H(Yi) + E[ψYi
(Yi)δYi] +

1

2
{E[var(δYi|Yi)ψ

′
Yi

(Yi)] − [E(δYi|Yi)]
′ 2} + o(‖E‖2)

whereψYi
= (− log pYi

)′ is the score function ofYi, ′ denot-
ing the derivative, and E(·|Yi) denotes the conditional expecta-
tion givenYi andvar(δYi|Yi) = E[(δYi)

2|Yi]−E(δYi|Yi)]
2 is

the conditional variance ofδYi givenYi. Further,log det(B+
EB) = logdet B + tr(E) − 1

2
tr(E2) + o(‖E‖2). Therefore,

noting that E[ψYk
(Yk)Yk] = 1 by integration by parts (see [4]),

C(B + EB) = C(B) +
∑

i 6=j

E[ψYi
(Yi)Yj]Eij +

1

2

∑

i,j,k

{E[cov(Yj , Yk|Yi)ψ
′
Yi

(Yi)] − [E(Yj|Yi)]
′[E(Yk|Yi)]

′}

×EijEik +
1

2

∑

i,j

EijEji + o(‖E‖2)
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wherecov[Yj, Yk|Yi] = E[YjYk|Yi] − E[Yj|Yi]E[Yk|Yi].
The above expansion shows thatB is a stationary point of

C if E[ψYj
(Yj)Yk] = 0 for j 6= k. To see ifB is indeed a

local minimum, one has to look at the second order term in
the above expansion, which is quite involved. Therefore, we
shall focus on the case of two sources.

B. Existence of spurious minima in the case of two sources

Consider the case of two sources (K = 2) with the same
density functionpS . SinceI(Y1, Y2) ≥ 0 with equality if and
only if the variablesYk are mutually independent,C admits
a global minimum atB = PDA

−1 where P and D are
permutation and diagonal matrices, respectively [1]. We now
show that for certain source distribution,

B =

[

1 1
−1 1

]

A
−1 (2)

is also a local minimum ofC. This is also true if the above
right hand side is left multiplied byPD, sinceC is invariant
when one left multiplies its argument by any permutation or
diagonal matrix.

For B given in (2),Y1 = S1 +S2, Y2 = S2 −S1. Therefore

E[ψY1
(Y1)Y2] = E[ψY1

(S1 + S2)S2] − E[ψY1
(S1 + S2)S1],

E[ψY2
(Y2)Y1] = E[ψY2

(S2 − S1)S1] + E[ψY2
(S2 − S1)S2].

But since the joint distribution of(S1, S2) is the same as that
of (S2, S1), one can permuteS1 and S2 in the above right
hand sides without changing their value. Hence these right
hand sides vanish, noting thatY2 = S2 − S1 has the same
distribution as−Y2 and thereforeψY2

is an odd function.
The above results show that the matrixB in (2) is a

stationary point ofC. To see if it is a local minimum point,
we consider the expansion ofC(B+EB) up to second order.
Again, since one can permuteS1 and S2 without changing
their joint distributions,E[S2|S1 + S2] = E[S1|S2 + S1] and
henceE[Y2|Y1] = 0. In the case wherepS is symmetric so that
−S1 has the same distribution asS1, by the same argument as
before withS1 replaced by−S1 : E[S2|S2−S1 ] = −E[S1|S2−
S1] and henceE[Y1|Y2] = 0. Therefore from the result of II-A
and noting thatE[E[Y 2

j |Yi]ψ
′
Yi

(Yi)] = E[Y 2
j ψ

′
Yi

(Yi)] [10]:

C(B + EB) = C(B) +
1

2
{E[Y 2

2 ψ
′
Y1

(Y1)]E2
12+E[Y 2

1 ψ
′
Y2

(Y2)]E2
21}+E12E21+o(‖E‖2).

The above expansion shows thatB is a local minimum point
if and only if E[Y 2

2 ψ
′
Y1

(Y1)]E[Y 2
1 ψ

′
Y2

(Y2)] > 1. But since the
joint distribution ofY1, Y2 is the same as the one ofY2, Y1,
this condition is equivalent toE[Y 2

2 ψ
′
Y1

(Y1)] > 1.
Inspired by simulations presented in [7], we now show that

the above condition is satisfied (so thatB is a spurious local
minimum) for a source density being a mixture of two normal
densities

pS(s) = {φ[(s+ 1)/σ] + φ[(s− 1)/σ]}/2

with sufficiently smallσ (hence is bimodal), whereφ(s) =
exp(−s2/2)/

√
2π is the standard normal density.

Lemma 1: Let S1 andS2 have the same densitypS . Then
Y1 = S1 + S2 andY2 = S2 − S1 have the same density

pY (y) =
1

4
φ
(y + 2√

2σ

)

+
1

2
φ
( y√

2σ

)

+
1

4
φ
(y − 2√

2σ

)

.

Their common score functionψY admits the derivative

ψ′
Y (y) =

1

2σ2
−w−1(y)w0(y) + w1(y)w0(y) + 4w−1(y)w1(y)

σ4

where

w0(y) =
2φ(y/

√
2σ)

φ[(y+ 2)/
√

2σ] + 2φ(y/
√

2σ) + φ[(y − 2)/
√

2σ]

w∓1(y) =
φ[(y± 2)/

√
2σ]

φ[(y+ 2)/
√

2σ] + 2φ(y/
√

2σ) + φ[(y − 2)/
√

2σ]

Further,E(Y 2
2 |Y1 = y) = 2σ2 + 4w0(y).

Lemma 2: The expectationE[Y 2
2 ψ

′
Y1

(Y1)] equals

1 +
1

σ2
−

∫

[σ2 + 2w0(y)][w0(y) + 2w1(y)]

σ4
φ
(y + 2√

2σ

)

dy.

The last term in the above expression tends to 0 asσ → 0
and henceE[Y 2

2 ψ
′
Y1

(Y1)] → ∞ asσ → 0.
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Fig. 1. Plot of6σpY andw−1, w0,w1 (a), and2σ2ψ′

Y
and(2σ2+4w0)ψ′

Y

(b). Density pY is unimodal (σ = 0.7): spurious minima of mutual
information and entropy cannot be observed (see text).

The above results show that forσ small enough, there is a
spurious minima at the point (2). Figure 1 illustrates the case
σ = 0.7 for which E[Y 2

2 ψ
′
Y1

(Y1)] = 0.9489 < 1 and Figure 2
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Fig. 2. Plot of6σpY andw−1, w0,w1 (a), and2σ2ψ′

Y
and(2σ2+4w0)ψ′

Y

(b). Distribution pY is trimodal (σ = 0.5): spurious minima of mutual
information and entropy can be observed (see text).

illustrates the caseσ = 0.5 for which E[Y 2
2 ψ

′
Y1

(Y1)] =
1.5412 > 1. One can see from figures 1(a) and 2(a) that
as σ decreases,pY changes from an unimodal to a trimodal
structure and thewi approach a step function, and from
figures 1(b) and 2(b) that2σ2ψ′

Y approaches 1 inside the
three regions(−∞,−1), (−1, 1), (1,∞), with “dips” at the
transition points (the “dips” being sharper for smallerσ).
The product ofψ′

Y with the functiony 7→ E[Y 2
2 |Y1 = y],

which equals2σ2 + 4w0, produces a curve of similar shape
as 2σ2ψ′

Y , but with a higher level in the central region due
to the term4w0. Its integral with respect to the densitypY

yields E[Y 2
2 ψ

′
Y1

(Y1)]. As pY is low in the neighborhood of
the transition points±1, even more so asσ becomes smaller,
the effect of the “dips” is attenuated and the integral should
become larger asσ decreases, since the function takes a higher
value inside the central region. This explains why one gets
a larger value ofE[Y 2

2 ψY1
(Y1)]. Figure 3 plots this quantity

versusσ. One can see that whenσ decreases beyond the value
0.63 (approximately) this quantity becomes greater than 1.

III. SPURIOUS MAXIMA OF THE NEGENTROPY

We consider the negentropy based FasICA, which consists
in maximizing the negentropy ofbT

X. Recall that the negen-
tropy of a random variableY is the difference between the
entropy of a Gaussian random variable of the same variance
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Fig. 3. Plot ofE[Y 2

2
ψ′

Y1
(Y1)] versusσ.

asY and the entropy ofY , that is 1
2 log[2πevar(Y )]−H(Y )

where var(·) denotes the variance ande = exp(1). One may
assume that theSk have a same variance, since one can divide
any of them by a constant and multiplies the corresponding
columns ofA by the same constant, without changing the
mixture model. Since the negentropy is scale invariant, one
may normalizeb such thatbT

X has the same variance. Thus,
putting w = A

T
b, negentropy based FastICA amounts to

minimizingH(wT
S) under the constraint‖w‖ = 1.

Consider the case of two sources, one may parameterizew

as [cos θ sin θ]T. PutZθ = w
T
S = cos θS1 + sin θS2 , it is

easy to see that a small changeδθ in θ induces a change

δZθ = (− sin θS1 + cos θS2)δθ −
1

2
Zθ(δθ)

2

in Zθ up to second order inδθ. Thus by the same calculation
as in section II, using the result of [5], one gets, puttingZ⊥

θ =
(− sin θS1 + cos θS2) and noting thatE[ψZθ

(Zθ)Zθ] = 1,

H(Zθ + δZθ) ≈ H(Zθ) + E[ψZθ
(Zθ)Z

⊥
θ ]δθ+

1

2
{E[var(Z⊥

θ |Zθ)ψ
′
Zθ

(Zθ)] − [E(Z⊥
θ |Zθ)]

′ 2 − 1}(δθ)2

up to second order inδθ.
The above result shows that a stationary point ofH(Zθ) (as

a function ofθ) occurs when E[ψZθ
(Zθ)Z

⊥
θ ] = 0. Clearly, this

is achieved forθ = 0 and θ = π/2 sinceZ0 = −Z⊥
π/2 = S1,

Zπ/2 = Z⊥
0 = S2 andS1 andS2 aare independent. The points

θ = 0 and θ = π/2 are actually local minima ofH(Zθ) if
pS is non Gaussian. Indeed, the second derivative ofH(Zθ)
at θ = 0 and θ = π/2 reduces tovar(S2)E[ψ′

S1
(S1)] − 1

andvar(S1)E[ψ′
S2

(S2)] − 1 respectively. But for any random
variableY , E[ψ′

Y (Y )] = E[ψ2
Y (Y )] by integration by parts

andvar(Y )E[ψ2
Y (Y )] ≥ 1 by the Schwartz inequality, noting

that E[ψY (Y )Y ] = 1 and E[ψY (Y )] = 0. The inequality is
strict unlessψY is linear, that isY is Gaussian. Note that
sinceH(Zθ) is periodic (with respect toθ) of periodπ, then
functionH(Zθ) admits local minima forθ in {pπ/2|p ∈ Z}.

Same arguments as in section II show that there are two
other stationary points ofH(Zθ) at θ = π/4, for whichZθ =
Y1/

√
2 andZ⊥

θ = Y2/
√

2, and atθ = 3π/4, for whichZθ =
−Y2/

√
2 and Z⊥

θ = −Y1/
√

2. To see if they are the local
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minima, we look at the second derivative ofH(Zθ). As before,
E[Y2|Y1] = 0 and if pS is symmetric,E[Y1|Y2] = 0. In this
case, the second derivative ofH(Zθ) at θ = π/4 and θ =
3π/4 reduces toE[Y 2

2 ψY1
(Y1)] − 1 and E[Y 2

1 ψY2
(Y2)] − 1,

respectively, which are equal. Thus the condition for which
these points to be local maxima of the negentropy are the
same as the one for which the point (2) is a local minimum
of the mutual information criterion.

IV. CONCLUSION

This letter gives an example of source density for which
it can be proven that spurious minima of mutual information
and marginal entropy exist in the BSS context. Our theoretical
approach confirms the findings of earlier experimental studies
based on an estimation of density and entropy through sim-
ulation. Although our result concern a specific example, the
phenomenon of spurious minima seem to occurs generally for
strongly multimodal source distribution.

APPENDIX: PROOFS OFLEMMAS

Proof of Lemma 1
Note that(S1, S2) is distributed as(U1 + σZ1, U2 + σZ2)

whereU1, U2 are independent Bernoulli variables taking the
value ±1 with probability 1/2 and Z1, Z2 are indepen-
dent standard normal variables independent ofU1, U2. Thus
(Y1, Y2) is distributed as(U1+U2+

√
2σZ′

1, U2−U1+
√

2σZ′
2)

whereZ′
1, Z

′
2 are also independent standard normal variables

independent ofU1, U2. SinceU1 + U2 and U1 − U2 both
take the value±2 with probability 1/4 and 0 with probability
1/2, Y1 and Y2 has the same distribution with density as
pY given in the Lemma. Direct calculation yieldsψY (y) =
−p′Y (y)/pY (y) = 1/(2σ2)

∑1
i=−1(y − 2i)wi(y) with wi as

defined in the Lemma. Noting that

w′
i(y) =

1
∑

j=−1

y − 2j

2σ2
wi(y)wj (y) −

y − 2i

2σ2
wi(y)

and1−wi =
∑

j 6=i wj, (1/2σ2)
∑1

i=−1(y − 2i)w′
i(y) equals

∑

−1≤i<j≤1

wi(y)wj(y)

4σ4
[2(y−2i)(y−2j)−(y−2i)2−(y−2j)2 ]

= − 1

σ4

∑

−1≤i<j≤1

(j − i)2wi(y)wj (y).

This yields the expression forψ′
Y given in the Lemma.

To computeE(Y 2
2 |Y1 = y), note that the conditional

distribution of(U1, U2) given Y1 = y is

P (U1 = 1, U2 = 1|Y1 = y) = w1(y),

P (U1 = 1, U2 = −1|Y1 = y) = w0(y)/2,

P (U1 = −1, U2 = 1|Y1 = y) = w0(y)/2,

P (U1 = −1, U2 = −1|Y1 = y) = w−1(y).

Therefore, conditionally onY1 = y, Y2 = U2 − U1 +
√

2σZ′
2

is distributed as
√

2σZ′
2 with probabilityw−1(y)+w1(y) and

as
√

2σZ′
2 ± 2 with probabilityw0(y)/2 each. This yields the

expression forE(Y 2
2 |Y1 = y) given in the Lemma.

Proof of Lemma 2
We haveE[Y 2

2 ψ
′
Y1

(Y1)] =
∫

E(Y 2
2 |Y1 = y)ψ′

Y1
(y)pY (y)dy.

Hence noting thatw0(y) = φ[y/(
√

2σ)]/[2pY (y)], w±1(y) =
φ[(y∓ 2)/(

√
2σ)]/[4pY (y)], and thatw0 is an even function,

one get the first result of the Lemma.
We now derive an upper bound forg(y) = [σ2 + 2w0(y)]

[w0(y) + 2w1(y)]/σ
4. We have,

w0(y)

w−1(y)
= 2 exp

[(y + 2)2 − y2

4σ2

]

= 2 exp
(y + 1

σ2

)

.

Thus, sincew−1 = 1 − w1 − w0

w0(y) =
2e(y+1)/σ2

1 + 2e(y+1)/σ2
[1− w1(y)] ≤ 2e(y+1)/σ2

.

Similarly, w0(y)/w1(y) = 2 exp{[(y − 2)2 − y2]/(4σ2)} =
2 exp[(1 − y)/σ2 ] and sincew0 = 1 −w1 −w−1:

w1(y) =
1 −w−1(y)

1 + 2e(1−x)/σ2
≤ 1

1 + 2e(1−x)/σ2
≤ e(y−1)/σ2

2

Thus, fory ≤ −1 − ξ, one has

g(y) ≤ (1 + 4e−ξ/σ2

/σ2)[2e−ξ/σ2

+ e−(2−ξ)/σ2

]/σ2

If we chooseξ = ξ(σ) such thatξ/σ2 + logσ2 → ∞ and
ξ → 0 as σ → 0, then bothe−ξ/σ2

/σ2 and e−(2−ξ)/σ2

/σ2

tend to 0 asσ → 0. Hence
∫ −1−ξ

−∞

g(y)φ
( y + 2√

2σ

)

dy → 0

For x ≥ −1− ξ, one can boundw0(y) andw1(y) by 1, hence
g(y) by 2(σ2 + 2). Therefore

∫ ∞

−1−ξ

g(y)φ
( y + 2√

2σ

)

dy ≤ 3(σ2 + 2)

σ4

[

1 − Φ
(1 − ξ√

2σ

)]

whereΦ(y) =
∫ y

−∞
e−y2/2dy/

√
2π is the cumulative distri-

bution function of the normal distribution. But we know that
1 − Φ(y) ≤ e−y2/2/(y

√
2π), hence

1

σ4

[

1−Φ
(1 − ξ√

2σ

)]

≤ exp[−(1 − ξ)2/(4σ2)]

(1 − ξ)
√
πσ3

→ 0 asσ → 0,

sinceξ → 0 asσ → 0.
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