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Abstract— Recent simulation results have indicated that spuri- stuck in local minima. Experimental investigations [6]],[ih
ous minima in information-theoretic contrasts with orthogonality the case of information-theoretic contrasts with orthaiiy
constraint for blind source separation may exist. Neverthkess, constraint reveal the existence of local minima of the dote

those results involve approximations (e.g. density estintian), so hich d t dt but t ixt |
that they do not constitute an absolute proof. In this letter the which do not correspond o a source but 1o a mixture. In

problem is tackled from a theoretical point of view: an exampe is  this paper, we shall provide a specific example for which the
provided for which it is rigorously proven that spurious minima  existence of such spurious (local) minima can be theotgtica

can exist in both mutual information and negentropy contrass. rigorously proved, both for the mutual information and the
The proof is based on a Taylor expansion of the entropy functin. negentropy-based criterion.

Index Terms—Blind source separation. Independent Compo-

nent Analysis. Entropy. Mutual Information Il. SPURIOUS MINIMA OF THE MUTUAL INFORMATION
We consider the separation method which consists in min-
EDICS Category: SAS-ICAB imizing the mutual information criteriod (Y1, ...,Yx) [2]
between the reconstructed sourcés,...,Yx. Mutual
. INTRODUCTION information can be written in term of entropies as

Blind source separation aims to extract source Vvectd(y;,...,Yy) = ZkK:lH(Yk) — H(Y) where H(Y;) =
S =[St - Su|" from observed mixturesX = _ [py. (y)logpy,(y) dy is the entropy ofY; and H(Y) 2
[X1 -~ Xn]T, relying mainly only on the independencer (v, ..., Y) is defined similarly [2]. ASY = BX, it can be
assumption of the sources [3]. The simplest and most widelgen (see e.g. [4]) thdl (Y) = H(X) + log | det B|. There-
used mixture model assumes noise-free linear mixtures witire, minimizing (Y1, .. ., Yx) is equivalent to minimizing

K £ M = N:X = ASwhereA is aK x K invertible matrix. K
As no specific knowledge on the distribution of thg and the C(B) = Z H(Y;) —logdet B = I(Y4, ..., Yx) — H(X).
mixing matrix A is available, a common separation method is Pt
to find an unmixing matriB such that the extracted sources,
which are the componends, ..., Yk of A Expansi on of the criterion up to second order
To see if a pointB minimizes locally C, we perform
a Taylor expansion ofC' around B up to second order.
be as independent as possible. Another method, which ¢gpl@ecause of the multiplicative structure of the mixture mpde
the link between independence and non Gaussianity, extrattis of interest to consider the relative (rather than abs)
the most non Gaussian source by finding the vettawuch increment of the parametdB. More precisely, we make a
thatb™X is most non Gaussian. Once this source is extractéiylor development of®(B + £B) up to second order with
the second most non Gaussian source can be extracted inréspect to a “small matrix&. Using the result of [5], we have,
same way but constraining the vectbrsuch thatb™X is puttingdY; = Zszl EinYr:
uncorrelated with the previously extracted sources, andnso : N : sy
... This is the underlying principle of the deflation apprltuacH(YZ +0Yi) = H(Yi) + Elgy, (V)oY +
of the fastICA algorithm [8]. §{E[var(5m|m)¢;i (V)] — [E(6Yi|Y)]) %} 4+ o(I€]1%)
The above methods require a measure of dependence and

_( 7 : -~ _
of non Gaussianity. A popular measure of statistical depefii€r€¥v: = (—logpy,)" is the score function of;, * denot
dence is the mutual information [3], [4]. On the other handd the derivative, and {]Y;) denotes the conditional expecta-

. - et b
a statistically efficient measure of non Gaussianity is tHPn 9ivenY; andvar(9Y;|Y;) = E[(0Y;)*|Yi] - E(6Y;|Y;)]" is
negentropy [9]. The two measures are related, as they biiff conditional variance afY; givenY;. Further,logdet(B +

_ 1 2 2
involve the entropy of the extracted sources. Although mesh ©B) = 1ogdet B + tr(€) — 5tr(E%) + o([[€]|"). Therefore,
based on them would find the correct sources if ahsolute "°tNY that By (Y4)Ys] = 1 by integration by parts (see [4]),

minimum of the criteria is reached, in practice, one may get(B 4 £B) = C(B) + ZEWH (Y)Y, +
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wherecov[Y;, Y |Yi] = E[Y;Y3|Yi] — E[Y; |V E[Y:|Yi]. Lemma 1: Let S; and .S, have the same densify. Then
The above expansion shows tHatis a stationary point of Y; = 51 + 52 andY; = S, — S; have the same density
C if E[yy,(Y;)Yx] = 0 for j # k. To see ifB is indeed a y+2
local minimum, one has to look at the second order term in Py (y) = ¢( ) + ¢( ) ¢( )
V20 V20 V20
the above expansion, which is quite involved. Therefore, we

shall focus on the case of two sources. Their common score functiorty admits the derivative
W (y) = 1 w_1(y)wo(y) + wi(y)wo(y) + 4w_1(y)wi (y)
. : S y\W =55~
B. Existence of spurious minima in the case of two sources 202 ot
where

Consider the case of two source’” & 2) with the same
density functionps. Sincel(Y1, Y2) > 0 with equality if and woly) = 20(y/v/20)
only if the variablesY;, are mutually independeng; admits oty o[y + 2)/V20] + 20(y/V20) + d[(y — 2)/v/20]

a global minimum atB = PDA~! whereP and D are [(y + 2)/v/20]
permutation and diagonal matrices, respectively [1]. W& now=1(y) = 7 /3 7
show that for certain source distribution, ¢l(y +2)/v20] +2¢(y/v20) + ¢[(y — 2)/v20]
1 1] ., Further,E(YZ|Y1 = y) = 202 + 4wo(y).
B = [_1 ] A (2)  Lemma2: The expectatiorE[Y2¢, (Y1)] equals

is also a local minimum o. This is also true if the above |, ~ / [0% + 2wo ()] [wo(y) + 2w1(9)]¢(y + Q)d
right hand side is left multiplied b D, sinceC is invariant a? ot V20

when one left multiplies its argument by any permutation ofhe last term in the above expression tends to & as 0

diagonal matrix. and henceE[Y; ¢4, (Y1)] — oo aso — 0.
For B given in (2),Y; = S1 + .52, Yo = S5 — S;. Therefore
E[Yy, (Y1)Y2] = E[Yby, (51 + 52)52] — E[thy, (S1 + S2)51], oal \\ X [
\ / /\\ 7w:
E[y, (Y2)Y1] = E[tby, (52 — 51)51] 4 E[tby, (52 — 51) 9] osf \ SN ]

0.7

But since the joint distribution ofS1, S2) is the same as that
of (S2,51), one can permuté; and S, in the above right ¢
hand sides without changing their value. Hence these rightos-
hand sides vanish, noting thads = S, — S; has the same ,
distribution as—Y> and therefore)y, is an odd function. A Voo

0.3F / A —
/ / \\ \ \

The above results show that the matidiX in (2) is a / .
stationary point ofC. To see if it is a local minimum point,  **[ 2 \\ NN )
we consider the expansion 6f(B +£B) up to second order.  o1f / \ \ 8
Again, since one can permutg and .S, without changing R e I AL
their joint distributionsE[S2|S1 + S2] = E[S1]S2 + S51] and )
henceE[Y32|Y71] = 0. In the case whergg is symmetric so that o
—S5 has the same distribution &5, by the same argument as [
before withS; replaced by-S;: E[S2|S2—51] = —E[S1]S2— 2
S1] and henc&[Y:|Yz2] = 0. Therefore from the result of II-A
and noting thaB[E[Y?|Vily4, (V;)] = E[Y2¢}, (¥;)] [10]:

C(B+£EB) =C(B) +

1 1
3 {BIY5 ¢y, (Y1)]ER+E[Y Y, (Y2)]€3) }+E12€21+0(|E]1?)

:
_20%y,
e aw)yy

| |
15F | | e
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The above expansion shows tiatis a local minimum point
if and only if E[YZ ¢4, (Y1)]E[Y?44, (Y2)] > 1. But since the
joint distribution of Y1, Y5 is the same as the one &%, Y7,
this condition is equivalent t&[Y;*¢, (Y1)] > 1. T

Inspired by simulations presented in [7], we now show that
the above condition is satisfied (so tHtis a spurious local L Plotofs d (@), andop!, and(20%+4w0 )

g. 1. ot of6opy andw_1,wp,w; (a), ano and(2o0-°+4wq

minimum) for a source density being a mixture of two normz%jo) Density py- s unimodal § — 0.7): spurious minima. of mutsal
densities information and entropy cannot be observed (see text).

ps(s) ={l(s +1)/o] + d[(s —1)/0]}/2 .
. o o The above results show that fersmall enough, there is a
with su;‘ﬁuently smallo (hence is bimodal), wherg(s) =  spurious minima at the point (2). Figure 1 illustrates thseca
exp(—s*/2)/+/2x is the standard normal density. o = 0.7 for which E[Y2¢}. (¥1)] = 0.9489 < 1 and Figure 2
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at 1 asY and the entropy oF’, that is 1 log[2revar(Y)] — H(Y)
| | where vaf-) denotes the variance ard= exp(1). One may

2 ) assume that th8, have a same variance, since one can divide
T T o=~ s any of them by a constant and multiplies the corresponding
°r \ ’ i columns of A by the same constant, without changing the

mixture model. Since the negentropy is scale invariant, one

may normalizeb such thab?X has the same variance. Thus,

puttingw = ATb, negentropy based FastICA amounts to

v minimizing H(w™S) under the constraintw|| = 1.

1 2 3 4 Consider the case of two sources, one may parameterize
as(cosf sinf]T. PutZy = wTS = cos0S; + sinfS,, it is

Fig. 2. Plot of6opy andw_1,wo, wy (a), an2ov, and(202+4wp)y,  €asy to see that a small changfein 6 induces a change

(b). Distribution py is trimodal ¢ = 0.5): spurious minima of mutual 1

information and entropy can be observed (see text). 679 = (_ sin #S; + cos 952)59 _ §Z9 (59)2

\ | \ [
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in Zy up to second order inf. Thus by the same calculation
illustrates the caser = 0.5 for which E[wag/1 (Y1)] = asinsection Il, using the result of [5], one gets, puttifyg =
1.5412 > 1. One can see from figures 1(a) and 2(a) thdt sinS; + cos6S;) and noting thaE[yz, (Zs) Zg] = 1,
as o decreasespy changes from an unimodal to a trimodal n
structure and thew; approach a step function, and fromt? (Zo + 6Z¢) ~ H(Zy) + Elz,(Z4) Z5 160 +
figures 1(b) and 2(b) thako?+, approa(_:hes .1 inside the l{E[Var(Z(fIZe)w'Ze(Ze)] — [B(Zy | Z6)]'? — 1}(80)?
three regions(—oco, —1), (—1,1), (1, 00), with “dips” at the 2
transition points (the “dips” being sharper for smalley. up to second order in6.
The product ofy}, with the functiony — E[YZ|Y; = v, The above result shows that a stationary pointgty) (as
which equals2o” + 4wy, produces a curve of similar shapea function off) occurs when bz, (Z5)Z; ] = 0. Clearly, this
as 2021%,, but with a higher level in the central region duds achieved fo = 0 and# = 7 /2 since Zy = —Zi/Q =5,
to the term4wy. Its integral with respect to the density Zn2 = Zg- = S» andS; andS, aare independent. The points
yields E[YF9%, (Y1)]. As py is low in the neighborhood of g = ¢ and # = /2 are actually local minima off (Zy) if
the transition pointst1, even more so as becomes smaller, ;5 is non Gaussian. Indeed, the second derivativéi¢Z,)
the effect of the “dips” is attenuated and the integral soujt 9 = 0 and ¢ = 7/2 reduces tovar(S2)E[¢, (S1)] — 1
become larger as decreases, since the function takes a highgpg var(S1)E[vs, (S2)] — 1 respectively. But for any random
value inside the central region. This explains why one gejgriable Y, E[v} (V)] = E[2(Y)] by integration by parts
a larger value oft[Y3 ¢y, (Y3)]. Figure 3 plots this quantity andvar(Y)E[¢2 (V)] > 1 by the Schwartz inequality, noting
versuso. One can see that whendecreases beyond the valuqhatE[wy(y)y] = 1 and E[¢)y (Y)] = 0. The inequality is
0.63 (approximately) this quantity becomes greater than 1.strict unlessyy is linear, that isY is Gaussian. Note that
since H(Zy) is periodic (with respect t@) of periodr, then
Il. SPURIOUS MAXIMA OF THE NEGENTROPY function H(Z,) admits local minima fo# in {pr/2|p € Z}.
We consider the negentropy based FasICA, which consistsSame arguments as in section |l show that there are two
in maximizing the negentropy d§*X. Recall that the negen- other stationary points aff (Zy) at § = /4, for which Z, =
tropy of a random variablé” is the difference between theY;/v/2 and Z;- = Y>/+/2, and atf = 3 /4, for which Z, =
entropy of a Gaussian random variable of the same variane®,/v/2 and Z; = —Y;/v/2. To see if they are the local



minima, we look at the second derivativeg{ Zy ). As before,
E[Y2|Y1] = 0 and if pg is symmetric,E[Y1]Y2] = 0. In this
case, the second derivative &f(Zy) at § = n/4 and 6 =
37 /4 reduces toE[YZy, (Y1)] — 1 and E[Y2¢y, (Ya)] — 1,

Proof of Lemma 2

We haveE[YZ9y, (Y1)] = [ E(Y5 Y1 = y)¢y, (v)py (y)dy.
Hence noting thatuo (y) = ¢[y/(V20)]/[2py (¥)], w1 (y)
ol(y ¥ 2)/(V/20)]/[4py (v)], and thatw, is an even function,

respectively, which are equal. Thus the condition for whiobne get the first result of the Lemma.
these points to be local maxima of the negentropy are theWe now derive an upper bound fgfy) = [0 + 2w (y)]
same as the one for which the point (2) is a local minimuwg(y) + 2w1(y)]/o*. We have,

of the mutual information criterion.

IV. CONCLUSION

This letter gives an example of source density for which
it can be proven that spurious minima of mutual information
and marginal entropy exist in the BSS context. Our thecaaiketic

wo(y) [(y+2)2—92} (y+1)
w(y) exp 102 exp =
Thus, sincew_; =1 — w; — wo
2e(y+1)/0? 2
e — . < 9ey+)/o”
wo(y) 1 + 2€(y+1)/02 [1 w1(y)] = 2e

approach confirms the findings of earlier experimental ssidiSimilarly, wo(y)/w1(y) = 2exp{[(y — 2)? — y?]/(40%)} =
based on an estimation of density and entropy through simexp|[(1 — y)/0?] and sincewy = 1 — w; — w_1:

ulation. Although our result concern a specific example, the
phenomenon of spurious minima seem to occurs generally foky, (y)

strongly multimodal source distribution.

APPENDIX. PROOFS OFLEMMAS

Proof of Lemma 1
Note that(S;, S2) is distributed agU; + 021, Uz + 025)

e(y—l)/o'2

2

1 —w_1(y) 1
< <
14 2e(t-2)/02 = 1 4 2e(1—w)/0® =
Thus, fory < —1 — &, one has
9(y) < (L+4e78/7" Jo?)[2e78/7" 4 =20/ /2

If we choose¢ = £(o) such that5/02 +logo? — oo and
¢ — 0aso — 0, then bothe™¢/7" /o2 and e~ (2=8)/7" /52

where Uy, U, are independent Bernoulli variables taking théend to 0 asr — 0. Hence

value +1 with probability 1/2 and Z;,Z, are indepen-
dent standard normal variables independent/ofU,. Thus
(Y1,Ys) is distributed agU, +Us +v/20 7}, Us—U, +v/20 Z})

where Z{, Z}, are also independent standard normal variable

independent ofU;, Us. SinceU; + Uy and U; — Us both
take the valuet2 with probability 1/4 and 0 with probability

1/2, Y7 and Y, has the same distribution with density as

py given in the Lemma. Dirlect calculation yields, (y) =
-py (y)/py (y) = 1/(2‘72) Y im—1(y — 2i)w;(y) with w; as
defined in the Lemma. Noting that

y—2i

952 w;(y)

andl — w;

>

—1<i<j<1

Zj;éz‘ wj, (1/207) Z;:—l(y — 2i)w;(y) equals

%[Q(y—%)(y—?j)—(y—?i)Q—(9—23')2]

X G- el

—1<i<j<1

This yields the expression faf} given in the Lemma.
To compute E(Y#|Y;
distribution of (U, Us) givenY; =y is
P(Ur=1,U; = 1Y1 = y) = w1(y),
P(Uy = 1,Us = —1|Y1 = y) = wo(y)/2,
P(U;=—1,Us = 1|Y1 = y) = wo(y)/2,
PUy=—-1,Us = ~1|Y1 = y) = w_1(y).

Therefore, conditionally oYy =y, Y = Uy — Uy + 207}
is distributed as,/20 7} with probabilityw_; (y) +w; (y) and
as+/20 74 + 2 with probabilitywo(y)/2 each. This yields the
expression fol£(Y#|Y: = y) given in the Lemmaj

y), note that the conditional

g(y)qﬁ(w)dy —0

/_:_5 V20

Forx > —1—¢&, one can bound(y) andw; (y) by 1, hence
9%9) by 2(0? + 2). Therefore
= y+2 1—¢
d 1-®
[ oo (L) ey

where ®(y) = [Y_e~¥"/2dy/\/27 is the cumulative distri-
bution function20f the normal distribution. But we know that
1—®(y) <e ¥ /?/(yv/2r), hence

_ _ _ 2 4 2
i[l_q)(l 6)] exp[—(1 —§)*/(407)]
ot V20 (1= §)y/mo?

since¢ — 0asoc — 0. 11

- 3(0? +2)
<=

<

— 0 aso—0,
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