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Abstract

The blind source separation (BSS) problem is often solved by maximizing objective functions reflecting the statistical independence

between outputs. Since global maximization may be difficult without exhaustive search, criteria for which all the local maxima

correspond to an acceptable solution of the BSS problem are of interest. It is known that some BSS criteria used in a deflation procedure

benefit from this property. More recently, the present authors have shown that the ‘‘spurious maximum free’’ property still holds for the

minimum range approach to BSS in a simultaneous separation scheme. This paper extends the last result by showing that source demixing

and local maximization of a range-based criterion are equivalent, even in a partial separation scheme, i.e. when PpK sources are

simultaneously extracted from K linearly independent mixtures of them.

r 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Blind source separation (BSS) aims at recovering source
signals from mixtures of them, only based on mild
assumptions on the sources and on the mixing scheme,
justifying the ‘‘blind’’ term. We are interested here in the
basic and most common mixture model [9]: X ¼ AS, where
X ¼ ½X 1; . . . ;X K �

T and S ¼ ½S1; . . . ;SK �
T are respectively,

the observed mixtures and the source vectors, both of
dimension K , and A is the non-singular mixing matrix of
order K .

In the blind context, no specific knowledge on the
sources is available except the basic assumption of their
independence. Thus, one looks for an unmixing matrix B

such that the extracted sources, which are the components
of Y ¼ BX are the most independent in some sense. This
approach often leads to the maximization of a contrast

function, which is a criterion being maximized if and only if
e front matter r 2007 Elsevier B.V. All rights reserved.
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its argument B equals A�1 up to a left multiplication by a
diagonal and a permutation matrices [2]. The unmixing
matrix can be recovered row by row (deflation), or
globally, all rows at once (simultaneous extraction).
For instance, it is known [13] that if Q is a class II

superadditive functional in the sense of Huber, i.e. if for
any pair of random variables X ;Y and two scalar number
a;b:

QðaX þ bÞ ¼ jajQðX Þ;

Q2ðX þ Y ÞXQ2ðX Þ þQ2ðY Þ;

(
then any criterion of the form

f &
ðBÞ¼

:
log j detBj �

XK

i¼1

log QðbiXÞ, (1)

where bi being the ith row of B, is a contrast function for
simultaneous separation.
Then, globally maximizing a contrast function such as

f & yields the recovering of the original sources. In practice,
however, when no algebraic method is available for the
contrast maximization, iterative approaches are needed,
such as gradient-ascent techniques. Therefore, there is no
guarantee, without exhaustive search, to reach a global
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maximum. The problem is that the contrast property does
not ensure that local maximization is equivalent to source
separation (see [15,20] and references therein with Qð�Þ is
chosen to be the entropy power function).

In order that the above useful equivalence holds, the
contrast is needed to be discriminant: in this work, a
contrast is said to be discriminant if its local maxima are
attained only if BA is the product of a permutation and
diagonal matrix. The discriminacy property has been
proved for specific deflation contrasts; they are recalled in
Section 2. This property has also recently been proved by
the present authors for the minimum-range contrast used
in a simultaneous separation framework [16].

This paper extends the last result to the blind partial
simultaneous separation, which consists in simultaneously
recovering PpK sources from K linearly independent
mixtures of K independent sources (including thus the
simultaneous separation of all the K sources) [14]. After
having proved that the criterion is a contrast that admits a
local maximum point once the P outputs are proportional
to P distinct sources (Section 3), it is proved that there does
not exist any other local maximum point (Section 4). In
other words, the criterion reaches a local maximum point if

and only if the outputs are proportional to distinct sources.

2. Existing discriminant contrasts

The possible existence of mixing maxima of a contrast is
a critical issue in BSS, which often involves iterative
optimization algorithms. This point has motivated the
work of Delfosse and Loubaton [4], even though at that
time, the existence of such maxima was not yet established.
In order to avoid this possible problem, the authors of [4]
proposed to extract the sources sequentially, one by one,
using a deflation approach. The maximum square kurtosis
of the output k2ðY iÞ, combined to additional constraints
ensuring scale-invariance and decorrelation between out-
puts, has been suggested as a deflation objective function
for BSS; for each 1pkpK , a kth source is extracted by
maximizing k2ðbkXÞ, (bk being the kth row of B) subjected
to the aforementioned constraints. It is proved in [4] that
each of the local maxima of this function is attained when
the kth output is proportional to one source; the contrast is
discriminant. The global maximization thus reduces to a
local maximization, which is much simpler and can be
achieved by using gradient-ascent methods. In a same
order of ideas, under the whitening constraint, a sinusoidal
contrast function can be found when only two sources are
considered [10]; the BSS problem reduces thus to a simple
phase estimation problem. Similarly, the limit points of
geometric ICA are shown to be the solutions of the BSS
problem, again in the 2D case and for symmetric and
unimodal densities [17].

Recently, Vrins et al. [19] proved that the minimum
range criterion also possesses this interesting ‘‘discrimi-
nacy’’ property when separating bounded sources. We
define the range RðX Þ of a bounded random variable X as
the difference between the upper bound and lower bound
of the support OðX Þ of X:

RðX Þ¼
:
supOðX Þ � inf OðX Þ. (2)

The minimum range deflation approach consists in
minimizing successively RðbkXÞ, k ¼ 1; . . . ;K , with respect
to the vector bk, subjected to the same constraints as for the
above kurtosis-based method. In addition to the afore-
mentioned references [12,19] dealing with range-based BSS
criteria, connections with information theory can be found
in [3,18]. An extension to complex-valued signals is
proposed by Erdogan in [5].
This work proposes a theoretical study of the true range.

In practice however, the range has to be estimated, and the
related criterion has to be maximized. In the framework of
ICA, order statistics-based estimators of the range are most
often considered because of their simplicity and computa-
tional efficiency (the sort operation has a complexity of
OðN logNÞ where N is the number of sample points). They
should yield the set of theoretical solutions provided that
the sample set is large enough if their optimization is
managed efficiently. Regarding this last point, range-based
BSS algorithms involving order statistics in the range
estimation are evoked in [12] (simultaneous separation)
and [21,22] (deflation); they are not usual gradient-ascent
techniques as the gradient of the criterion does not exist at
the desired solution points. Even though the algorithm in
[12] has not been yet rigorously proved to converge almost
surely to an exact solution, it works well in practice. Hence,
in the following, we restrict our analysis to the theoretical
behavior of the true range criterion in the framework of the
blind partial simultaneous separation, as explained below.
3. Blind partial simultaneous extraction of bounded sources

via output range minimization

In this section, a criterion for simultaneously extracting
PpK (called partial simultaneous separation) sources from
K linearly independent mixtures of the K independent
sources is presented. This criterion shall be proved to have
a local maximum point when BA is the product of a
permutation and gain matrices. For clarity, the proofs are
relegated in the Appendix.
Let us note A 2 RK�K (with detAa0), B 2 RP�K , W ¼

BA 2 RP�K the mixing, demixing and transfer matrices,
respectively. It is known from Pham [14] that if Qð�Þ is class
II superadditive [8], any functional f ðBÞ of the form

f ðBÞ¼
: 1

2
log detðBRXB

TÞ �
XP

i¼1

logQðbiXÞ, (3)

where RX is the covariance matrix of X ¼ AS, is a contrast
function [2]; it reaches a global maximum point only ifW is
non-mixing. A P� K matrix W is said non-mixing (and
noted W 2WP�K ) if it has a single non-zero element per
row and at most one per column. More concretely, we have
the following theorem [14].
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Theorem 1 (Partial contrast property of f). If 0oQðSiÞo1
and Q is a class II superadditive functional, then f ðBÞ

admits a global maximum point B over the set MP�K of full-

row rank P� K matrices, only if BA 2WP�K .

The above property is called partial contrast property
because the global maximum of f may not be attained for
any matrix B such that BA 2WP�K , but only for specific
matrices in this set. It is easy to characterize this set: if we
assume without loss of generality that the sources are zero-
mean, unit-variance (i.e. RS ¼ I) and ordered according to
Qð�Þ as

QðS1ÞpQðS2Þp � � �pQðSK Þ,

for the sake of simplicity, one gets the following corollary
[14].

Corollary 1 (Characterization of global maximum point).
Let us define Pm¼

:
minfi 2 f1; . . . ;Pg : QðSiÞ ¼ QðSPÞg � 1,

and PM¼
:
maxfi 2 fP; . . . ;Kg : QðSiÞ ¼ QðSPÞg. The global

maximum points of f over the set MP�K are the matrices B

such that BA 2WP�K
P , where WP�K

P is the set of matrices

with at most one non-zero element per column and with Pm

rows having a single non-zero element of column index in

f1; . . . ;Pmg and the remaining rows having a single non-zero

element of column index in fPm þ 1; . . . ;PMg.

An interesting example of functional Qð�Þ is the statistical
range Rð�Þ: the strict superadditivity property of Rð�Þ results
directly from

RðX þ Y Þ ¼ RðX Þ þ RðY Þ, (4)

for any pair of independent bounded random variables X

and Y. In [12], the contrast property of f &
ðBÞ with Qð�Þ ¼

Rð�Þ (noted C&ðBÞ) was provided. From Theorem 1 and
Corollary 1, the last result generalizes as follows:

Corollary 2. If the sources are bounded, i.e. if 0oRðSiÞo1,
1pipK then the criterion

CðBÞ¼
: 1

2
log detðBRXB

TÞ �
XP

i¼1

logRðbiXÞ, (5)

admits a global maximum point B if and only if BA 2WP�K
P ,

where WP�K
P is defined in Corollary 1.

Clearly maximizing C& is equivalent to maximizing C

with respect to B if P ¼ K since 1
2
log detðBRXB

TÞ ¼

log j detBj þ cst.
The criterion CðBÞ can be rewritten as a function of the

transfer matrix elements W ij . Denoting by W i1; . . . ;W iK

the components of biA, one has

RðbiXÞ ¼ RðbiASÞ ¼
XK

j¼1

jW ijjRðSjÞ, (6)

since RðaX Þ ¼ jajRðX Þ for any real number a and any
bounded random variable X. The above relation, combined
with RX ¼ ARSA
T
¼ AAT, yields

CðBÞ ¼
1

2
log detðWWTÞ �

XP

i¼1

log
XK

j¼1

jW ijjRðSjÞ

" #
. (7)

Remark 1. Observe that the first term in the above
criterion prevents a matrix W to have rank less than P

unless it has a strictly null row. Indeed, since the rank of a
product of two matrices cannot exceed that of each matrix
factor, W having rank less than P means that
detðWWTÞ ¼ 0, hence the above criterion takes the value
�1, since

PK
j¼1jW ijjRðSjÞ40 for all i ¼ 1; . . . ;P if there

are no null rows. Consequently, recovering twice a same
source is not possible. The case where a row of W vanished
identically is special as it leads to an indeterminate
expression 1�1. This case should be excluded, since it
yields a null output (which cannot be a source). Therefore,
in the following, we shall restrict B 2MP�K (B ¼WA�1

has the same rank as W).

Clearly, when defining ~CðWÞ¼
:

CðBÞ where W ¼ BA,
maximizing CðBÞ over the set MP�K is equivalent to
maximizing ~CðWÞ also over MP�K . In particular, ifgargmaxB f ðBÞ denotes the set of points locally maximizing
f:gargmax
B2MP�K

CðBÞ ¼ gargmax
B:BA2MP�K

~CðBAÞ. (8)

Any point B locally maximizing C is related to a point W
locally maximizing ~C by the relation W ¼ BA. We do not
claim that, generally speaking, f ðBÞ is locally maximized
once BA 2WP�K , even under the class II superadditivity
assumption on functional Q. Nevertheless, this result holds
for the specific Qð�Þ ¼ Rð�Þ case, as indicated by the
following theorem.

Theorem 2 (Non-mixing matrices are local maximum point

of C). The criterion CðBÞ admits a local maximum at any

point B for which BA 2WP�K .

Consequently, CðBÞ reaches a global maximum if and
only if BA 2WP�K

P (Corollary 2) and a local maximum
point if BA 2WP�K (Theorem 2).
The local maximum points W 2WP�K are called non-

mixing because they correspond to non-mixing transfer
matrix from S to Y and thus to the recovering of P distinct
sources. By contrast, the discriminacy property of C

is not yet established: the non-existence of mixing local
maxima (i.e. the local maximum points verifying
W 2MP�KnWP�K ) remains to be proved. Such a prop-
erty, addressed in the next section, ensures the equivalency
between local maximization of CðBÞ and partial source
separation.

4. Discriminacy property of the simultaneous approach using

minimum range

In order to analyze the possible existence of mixing
maxima of CðBÞ (i.e. of ~CðWÞ, with W ¼ BA), we shall first
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compute the first two derivatives of log jdetðWWTÞj with
respect to the elements W ij of W; they are provided in the
following Lemma (some of useful mathematical relations
involved in the proof are taken from [1,6,7,11]).

Lemma 1. Let W 2MP�K and denote by

Wþ¼
:
WTðWWTÞ

�1 its pseudoinverse. Then

q log j detðWWTÞj

qW ij

¼ 2½ðWþÞT�ij ¼ 2½Wþ�ji

and

q2 log j detðWWTÞj

qW klqW ij

¼ 2f½ðWWTÞ
�1
�kiðdjl � ½W

þW�ljÞ � ½W
þ�li½W

þ�jkg,

where djl is the Kronecker delta. Remind that if P ¼ K ,
Wþ ¼W�1 and ½WþW�lj ¼ dlj .

Let us now use the above results for computing the first
and second order derivatives of ~CðWÞ. The main problem is
that ~C is not everywhere differentiable on MP�K , due to
the absolute value in (7). To overcome this difficulty, we
introduce the subsets MP�K

I of MP�K , indexed by subsets I

of ZP�K¼
:
f1; . . . ;Pg � f1; . . . ;Kg, defined by

MP�K
I ¼

:
fW 2MP�K : W ija0 if and only if ði; jÞ 2 Ig.

(9)

Due to the W 2MP�K restriction, a subset MP�K
I may be

empty for particular I. For example, if I is a subset of ZP�K

such that its ith section I i¼
:
fj 2 f1; . . . ;Kg; ði; jÞ 2 Ig is

empty for some i 2 f1; . . . ;Pg, then any matrix W such
that W ij ¼ 0 if ði; jÞeI (including all matrices W s.t. W ija0
if and only if ði; jÞ 2 I) satisfy rankðWÞoP. Then, MP�K

I is
empty because MP�K

I �MP�K by definition.
Thus, we shall restrict ourselves to the collection I of

distinct subsets I of ZP�K such that MP�K
I is not empty.

Then the subsets MP�K
I ; I 2 I, form a partition of MP�K ,

since they are clearly disjoint and their union equalsMP�K ;
in other words, for any matrix W 2 RP�K , it exists one and
only one subset I of ZP�K such that W 2MP�K

I . Therefore,
any local maximum point of ~C would belong to some
MP�K

I with I 2 I and is necessarily a local maximum point
of the restriction of ~C on MP�K

I .
The key point is that the restriction of ~C to MP�K

I ,
I 2 I, is infinitely differentiable as a function of the non-
zero elements of its matrix argument in MP�K

I . Thus, one
may look at the first and second derivatives of the
restriction of ~C to MP�K

I to identify its local maximum
points. Noting that qjW ijj=qW ij ¼ signðW ijÞ, the following
result comes from Lemma 1 and the definition of ~C:

Lemma 2. For I 2 I, the restriction of ~C to MP�K
I admits

the first and second partial derivatives

q ~CðWÞ
qW ij

¼ ½Wþ�ji �
signðW ijÞRðSjÞPK

l¼1jW il jRðSlÞ
ði; jÞ 2 I ,
q2 ~CðWÞ
qW ijqW kl

¼ ½ðWWTÞ
�1
�kiðdjl � ½W

þW�ljÞ � ½W
þ�li½W

þ�jk,

ði; jÞ 2 I ; ðk; lÞ 2 I ; kai,

q2 ~CðWÞ
qW ijqW il

¼
signðW ijÞsignðW ilÞRðSjÞRðSlÞ

½
PK

k¼1jW ikjRðSkÞ�
2

þ ½ðWWTÞ
�1
�iiðdjl � ½W

þW�ljÞ � ½W
þ�li½W

þ�ji,

ði; jÞ 2 I ; ði; lÞ 2 I ,

where signðxÞ ¼ �1 according to x40 or xo0 (and can be

either þ1 or �1 if x ¼ 0).

The above lemma allows one to characterize the stationary
points of the restriction of ~C to MP�K

I , by setting its
derivative to zero, yielding

½Wþ�ji ¼
signðW ijÞRðSjÞPK

l¼1jW il jRðSlÞ
ði; jÞ 2 I . (10)

Thus, one gets the following corollary.

Corollary 3. Let I 2 I, then for any W 2MP�K
I which is a

stationary point of the restriction of ~C on MP�K
I :

fði; jÞ 2 ZP�K : ½Wþ�jia0g � I ,

and

q2 ~CðWÞ
qW ijqW il

¼ ½ðWWTÞ
�1
�iiðdjl � ½W

þW�ljÞ ði; jÞ 2 I ; ði; lÞ 2 I .

The first statement of the corollary results directly from
the fact that if W 2MP�K

I then W ija0 if ði; jÞ 2 I and both
sides of Eq. (10) are non-zero, too. The second claim is a
consequence of Eq. (10) and Lemma 3.

Lemma 3. Let I 2 I such that either (i) the set
SP

i¼1 I i

contains more than P elements, or (ii) there exists a pair of

indices i; j in f1; . . . ;Pg for which the I i \ I ja;. Then the

restriction of ~C in MP�K
I does not have a local maximum

point.

Lemma 3 allows one to eliminate subsets I in I for
which the restriction of C in MP�K

I does not have a local
maximum point. It can be proved that the only subsets I of
I left are the ones such that all their ith sections,
i ¼ 1; . . . ;P, are distinct and reduce to a single point. This
yields the discriminacy property of C over MP�K , which
ensures the source recovering via the local maximization of
CðBÞ.

Theorem 3 (Discriminacy of C). The local maximum points

of C correspond to B such that BA 2WP�K .

One concludes that for the specific P ¼ K case, CðBÞ ¼

C&ðBÞ admits a global maximum point B if and only if
BA 2WK�K (note that if P ¼ K , Wþ ¼W�1), and one
gets the main result of [16]. According to Theorem 3, this
result still holds for PpK : C admits a local maximum
point B if and only if BA 2WP�K and a global maximum
point B if and only if BA 2WP�K

P .
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5. Conclusion

In this paper, a range-based criterion for the simulta-
neous separation of PpK bounded sources is presented,
which is shown to be a partial contrast function: its global
maxima are reached if and only if the transfer matrix
between S and Y belongs to the specific class of non-mixing
matrices yielding the extraction of the P sources with the
smallest range. Further, it is proved that the contrast C is
discriminant: its local maximization is equivalent to
separate PpK distinct sources. In other words, there is
no mixing maxima.

This property was already established for other deflation

criteria but, to the authors’ knowledge, the minimum
output range method is the only one, up to now, that
benefits from this property in the (possibly partial)
simultaneous extraction scheme.
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Appendix
Proof of Lemma 1. It is obvious that WWT 2 RP�P is
symmetric. It is also invertible since it is full-rank:
rankðWWTÞ ¼ rankðWÞ ¼ P.

Computation of first derivative:

q log jdetðWWTÞj

qW ij

¼
1

j detðWWTÞj

q det jðWWTÞj

qW ij

. (11)

But, noting the trace operator by Trð�Þ:

q det jðWWTÞj

qW ij

¼ detðWWTÞTr ðWWTÞ
�1 qðWWTÞ

qW ij

� �
.

(12)

Further, note that

qðWWTÞ

qW ij

¼W
qWT

qW ij

þ
qW
qW ij

WT (13)

yielding

qðWWTÞ

qW ij

¼WJji þGijWT. (14)

In the above equality, Jji 2 ZK�P and Gij
2 ZP�K are single-

entry matrices: ½Jji�kl ¼ ½G
ij
�lk ¼ dkjdli; ðk; lÞ 2 ZK�P (only

the ði; jÞth element of both Jij and Gij matrices is non-zero,
and is set to one).

Observe that for any matrices U;V with ad hoc size:

TrðVJijÞ ¼ ½VT�ij (15)

and

TrðVGijUÞ ¼ ½UV�ji. (16)
Then, one gets

Tr ðWWTÞ
�1 qðWWTÞ

qW ij

� �
¼ TrððWWTÞ

�1WJjiÞ þ TrððWWTÞ
�1GijWTÞ

¼ ððWWTÞ
�1WÞT|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

¼
:
Wþ

264
375

ji

þ WTðWWTÞ
�1|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

¼
:
Wþ

264
375

ji

ð17Þ

¼ 2½Wþ�ji ¼ 2½ðWþÞT�ij : & ð18Þ

Computation of second derivative:

q2 log j detðWWTÞj

qW klqW ij

¼
q

qW kl

Tr ðWWTÞ
�1 qðWWTÞ

qW ij

� �
¼ Tr

q
qW kl

ðWWTÞ
�1 qðWWTÞ

qW ij

� �� �
.

But, from (14)

Tr
q

qW kl

ðWWTÞ
�1 qðWWTÞ

qW ij

� �� �
¼ Tr

q½ðWWTÞ
�1
ðWJji þGijWTÞ�

qW kl

� �
¼ Tr

q ðWWTÞ
�1WJji

� �
qW kl

 !

þ Tr

q ðWWTÞ
�1 GijWT|fflfflffl{zfflfflffl}
ðWJjiÞT

264
375

qW kl

0BBBBBBBB@

1CCCCCCCCA
¼ Tr

q ðWWTÞ
�1

� �
qW kl

WJji

 !
þ Tr

q½ðWWTÞ
�1
�

qW kl

ðWJjiÞ
T

� �
þ Tr ðWWTÞ

�1 q½WJji�

qW kl

� �
þ Tr ðWWTÞ

�1 q½ðWJjiÞ
T
�

qW kl

� �
.

But, noting Hki the single-entry matrix in RP�P:

Tr ðWWTÞ
�1 q½WJji�

qW kl

� �
¼ dljTr½ðWWTÞ

�1Hki� ð19Þ

¼ dlj½ðWWTÞ
�1
�ki, ð20Þ

and similarly, TrððWWTÞ
�1q½ðWJjiÞ

T
�=qW klÞ ¼ dlj

½ðWWTÞ
�1
�ik. Consequently,

Tr ðWWTÞ
�1 q½ðWJjiÞ

T
�

qW kl

� �
þ Tr ðWWTÞ

�1 q½WJji�

qW kl

� �
¼ 2dlj ½ðWWTÞ

�1
�ik.
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But, noting that

qF�1

qW ij

¼ �F�1
qF
qW ij

F�1 (21)

we can see that

Tr
q½ðWWTÞ

�1
�

qW kl

WJji

� �
þ Tr

q½ðWWTÞ
�1
�

qW kl

ðWJjiÞ
T

� �
equals

� Tr ðWWTÞ
�1 qðWWTÞ

qW kl

ðWWTÞ
�1WJji

� �	
þ Tr ðWWTÞ

�1 qðWWTÞ

qW kl

ðWWTÞ
�1
ðWJjiÞ

T

� �

that is from Eq. (14):

�Tr½ðWWTÞ
�1
½WJlk þGklWT�ðWWTÞ

�1
½WJji þGijWT��.

The last expression is no other than the following sum of
four traces:

Tr ðWWTÞ
�1W|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

ðWþÞT

Jlk ðWWTÞ
�1W|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

ðWþÞT

Jji

264
375 ð22Þ

þ Tr ðWWTÞ
�1W|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

ðWþÞT

JlkðWWTÞ
�1GijWT

264
375 ð23Þ

þ Tr ðWWTÞ
�1Gkl WTðWWTÞ

�1|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Wþ

WJji

264
375 ð24Þ

þ Tr ðWWTÞ
�1Gkl WTðWWTÞ

�1|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
Wþ

GijWT

264
375. ð25Þ

To deal with the above traces, observe that

Tr½AJpqBJrs� ¼ ½A�sp½B�qr (26)

and

Tr½AJpqBJrsC� ¼
X
m¼1

½A�mp½B�qr½C�sm. (27)

This yields the following equalities:

Tr½ðWþÞTJlkðWþÞTJji� ¼ ½Wþ�li½W
þ�jk,

Tr½ðWWTÞ
�1GklWþWJji� ¼ ½ðWWTÞ

�1
�ik½W

þW�lj,

Tr½ðWþÞTJlkðWWTÞ
�1GijWT� ¼

X
m

½Wþ�lm½ðWWTÞ
�1
�ki½W�mj

¼ ½WþW�lj½ðWWTÞ
�1
�ki,

Tr½ðWWTÞ
�1GklWþGijWT� ¼

X
m

½ðWWTÞ
�1
�mk½W

þ�li½W�mj

¼ ½Wþ�li½W
þ�jk.
Finally, since the inverse of a symmetric matrix is
symmetric, ½ðWWTÞ

�1
�ki ¼ ½ðWWTÞ

�1
�ik, and it comes that

q2 log j detðWWTÞj

qW klqW ij

¼ 2f½ðWWTÞ
�1
�kiðdjl � ½W

þW�ljÞ � ½W
þ�li½W

þ�jkg: &

Proof of Theorem 2. The proof of this theorem results from
an adaptation to PpK of the proof of Proposition 3
presented in [12]. As in this proof, in order to show that
any matrix in WP�K is a local maximum point of ~C it is
sufficient to prove that for a small increment dW of
W 2WP�K , the quantityXP

i¼1

log
XK

j¼1

jW ij þ dW ijjRðSjÞ

" #
� log

XK

j¼1

jW ijjRðSjÞ

" #( )
,

(28)

where W ij and dW ij denoting the general element of W and
of dW, is larger or equal than
1
2
flog det½ðWþ dWÞðWþ dWÞT� � log detðWWTÞg, up to
first order in dW. But since W 2WP�K , there exists
distinct indexes jð1Þ; . . . ; jðPÞ such that for i ¼ 1; . . . ;P,
W ija0 if and only if j ¼ jðiÞ. Thus, (28) reduces toXP

i¼1

log 1þ
dW ijðiÞ

W ijðiÞ

���� ����þ
PK

jajðiÞjdW ijjRðSjÞ

jW ijðiÞjRðSjðiÞÞ

" #
,

which, for jdW ijðiÞjojW ijðiÞj, equalsXP

i¼1

dW ijðiÞ

W ijðiÞ

þ

PK
jajðiÞjdW ijjRðSjÞ

jW ijðiÞjRðSjðiÞÞ

" #
þOðkdWk2Þ.

On the other hand, the first order Taylor expansion of a
multivariate function f : RP�K ! R is f ðWþ dWÞ ¼
f ðWÞ þ hrf ; dWi þ � � � where rf is the gradient of f and
h�; �i denotes the dot product. Then, setting the log function
for f in the last expansion, we have from Lemma 1 that

hrf ; dWi ¼ 2
X

i;j

½ðWþÞT�ijdW ij ¼ 2Tr½WþdW�.

Note that due to the special form of W, WWT is diagonal
with ith diagonal equal to W 2

ijðiÞ. Thus, W
þ ¼WTðWWTÞ

�1

has ji element equal to 0 if jajðiÞ and to 1=W ijðiÞ otherwise.
Therefore,

1

2
flog det½ðWþ dWÞðWþ dWÞT� � log detðWWTÞg

¼
XP

i¼1

dW ijðiÞ

W ijðiÞ

þOðkdWk2Þ.

It follows that (28) is greater that the above left-hand side,
up to a term of order OðkdWk2Þ. &

Proof of Lemma 3. LetW 2MP�K
I be a stationary point (if

exists) of the restriction of ~C to MP�K
I , we shall show that

it cannot realize a local maximum of this function.
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Consider the case where
SP

i¼1 I i contains more than P

elements. Then there must exists an index j 2
SP

i¼1 I i for
which ej , the jth row of the identity matrix of order K, is
not contained in the linear subspace spanned by the rows
of W, since this subspace is of dimension P. By definition,
there exists i 2 f1; . . . ;Pg such that ði; jÞ 2 I . Let ~W be a
matrix differing from W only in the element W ij by �. Then
by the Taylor expansion up to second order, noting that
the first partial derivative of ~C vanished at W and using
Corollary 3,

~Cð ~WÞ ¼ ~CðWÞ þ 1
2
½ðWWTÞ

�1
�iið1� ½W

þW�jjÞ�
2 þOðj�j3Þ,

(29)

as �! 0. It can be checked that WþW is idempotent (i.e.
ðWþWÞ2 ¼WþW) and symmetric, and hence the same can
be seen to be true for I�WþW. Thus, the jth diagonal
element of I�WþW, which is 1� ½WþW�jj, is the same as
the square norm of its jth row. Therefore, 1� ½WþW�jjX0
with equality if and only if the jth row of I�WþW

vanishes, or equivalently ej ¼ ejW
þW. But since ej is not in

the linear subspace spanned by the rows of W, this cannot
happen. On the other hand, WWT is symmetric and
positive definite, implying that so is its inverse, and thus it
exists a full-row rank matrix P such that PPT ¼ ðWWTÞ

�1.
Consequently, each ði; iÞth element of ðWWTÞ

�1, which is
the square norm of the ith row of P, is strictly positive.
Hence, the second term of the right-hand side of (29) is
strictly positive, yielding ~Cð ~WÞ4 ~CðWÞ for all �a0 and
small enough; W is not a local maximum of ~C on MP�K

I .
Consider now the case I i \ I ja; for some iaj in

f1; . . . ;Pg. Let k 2 I i \ I j . By Lemma 2: q2 ~C=
qW ikqW jk ¼ ½ðWWTÞ

�1
�jið1 � ½W

þW�kkÞ � ½W
þ�ki½W

þ�kj.

Also, by Corollary 3, q2 ~C=ðqW ikÞ
2
¼ ½ðWWTÞ

�1
�iið1�

½WþW�kkÞ and q2 ~C=ðqW jkÞ
2
¼ ½ðWWTÞ

�1
�jjð1� ½W

þW�kkÞ.

Thus, let ~W be a matrix differing (slightly) from W only at

the indexes ði; kÞ and ðj; kÞ: ~W ik ¼W ik þ �, ~W jk ¼W jk þ Z,
then since the first partial derivatives of ~C vanishes at W, a
second order Taylor expansion yields:

~Cð ~WÞ ¼ ~CðWÞ þ
1� ½WþW�kk

2

�½� Z�
½ðWWTÞ

�1
�ii ½ðWWTÞ

�1
�ij

½ðWWTÞ
�1
�ji ½ðWWTÞ

�1
�jj

24 35 �

Z

" #
� �Z½Wþ�ki½W

þ�kj þOððj�j þ jZjÞ3Þ ð30Þ

as �; Z! 0.
We have shown that 1� ½WþW�kkX0. Further, from the

positive definiteness of ðWWTÞ
�1, one gets

½� Z�
½ðWWTÞ

�1
�ii ½ðWWTÞ

�1
�ij

½ðWWTÞ
�1
�ji ½ðWWTÞ

�1
�jj

24 35 �

Z

" #
X0.

Therefore, ~Cð ~WÞX ~CðWÞ � �Z½Wþ�ki½W
þ�kj þOððj�j þ jZjÞ3Þ

implying that ~Cð ~WÞ4 ~CðWÞ for �Z having the opposite sign
as that of ½Wþ�ki½W

þ�kj and j�j þ jZj40 and small enough.
This proves that W cannot realize a local maximum
of ~C. &

Proof of Theorem 3. By Lemma 3, in order that the
restriction of ~C to MP�K

I admits a local maximum point, it
is necessary that the sections I1; . . . ; IP of I are all disjoint
and their union have at most P elements. On the other
hand, none of these sections can be empty since otherwise
MP�K

I would be empty. Therefore, these sections must be
reduced to a single point: I i ¼ fði; jðiÞÞg, i ¼ 1; . . . ;P where
jð1Þ; . . . ; jðPÞ are distinct indexes in f1; . . . ;Kg. By definition
jðiÞ denotes the column index of the unique non-zero
elements of the ith row of W. Thus, W has a single non-
zero element per row and at most one non-zero element per
column, meaning that W 2WP�K . Hence, a necessary
condition for W being a local maximum point of CðBÞ is
that BA 2WP�K . This concludes the proof since, from
Theorem 2, it is also a sufficient condition. &
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