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Abstract

We use a new weak dependence condition from Doukhan and Louhichi (Stoch. Process. Appl. 1999, 84, 313–342) to
provide a central limit theorem for triangular arrays; this result applies for linear arrays (as in Peligrad and Utev, Ann.
Probab. 1997, 25(1), 443–456) and standard kernel density estimates under weak dependence. This extends on strong
mixing and includes non-mixing Markov processes and associated or Gaussian sequences. We use Lindeberg method
in Rio (Probab. Theory Related Fields 1996, 104, 255–282). c© 2000 Published by Elsevier Science B.V. All rights
reserved
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1. Introduction

We use here a new weak dependence condition from Doukhan and Louhichi (1997,1999) in order to provide
a central limit theorem (CLT in short) for triangular arrays; this result is used both for standard kernel density
estimates and for general linear combinations of weakly dependent sequences, analogously to Peligrad and
Utev (1997).
We work here under a fundamental causality assumption in order to be in position to use the Lindeberg

method for dependent sequences developed by Rio (1995,1996).
Contrarily to previous authors, Rio does not use Bernstein blocks to prove a central limit theorem. The

standard ways of proving such limit theorems for dependent random sequences are, after a decomposition into
Bernstein blocks, to make use of the standard techniques for i.i.d. sequences; Lindeberg and Stein are the two
techniques usually used (see references e.g. in Rio, 1996).
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For example, Bernstein blocks are used with Lindeberg method in Doukhan and Louhichi (1999): the results
presented in this note clearly improve on CLTs stated in this basic paper under a more general non-causal
frame.
A CLT is obtained for the kernel density estimates. The result is analogue to the one obtained for i.i.d.

or mixing samples (see Rosenblatt, 1991; Robinson, 1983). Under our frame, it has to be noticed that we
require the same assumptions here for such a CLT than to obtain minimax second order properties of the
kernel estimates (see Doukhan and Louhichi, 1997).
Finally, the linear triangular CLT requires the same assumption as to prove the standard

√
n-CLT.

We now introduce our dependence frame; it is a variation on the de�nition in Doukhan and Louhichi
(1999). Assume that, for convenient functions h and k,

Cov(h(‘past’); k(‘future’));

converge to 0 as the distance between the ‘past’ and the ‘future’ converges to in�nity. Here ‘past’ and ‘future’
refer to the values of some time series of interest. Asymptotically, this means that independence holds if we
use a determining function class.
More precisely, E being some Euclidean space Rd endowed with its Euclidean norm ‖ : ‖, we shall consider

a sequence of E-valued random variables (�n)n∈N. We de�ne L∞ as the set of measurable and bounded
numerical functions on some space Ru and its norm is classically written ‖ • ‖∞. Moreover, let u∈N∗ be
a positive integer we endow the set F = Eu with the norm ‖(x1; : : : ; xu)‖F = ‖x1‖ + · · · + ‖xu‖. Let now
h :F = Eu → R be a numerical function on F , we set

Lip(h) = sup
x �=y

|h(x)− h(y)|
‖x − y‖F ;

the Lipschitz modulus of h. De�ne

L=
∞⋃

u=1

{h∈ L∞(Ru;R); ‖h‖∞61; Lip(h)¡∞}: (1)

De�nition 1. The sequence (�n)n∈N is s-weakly (resp. a-weakly) dependent, if for some sequence �=(�r)r ∈N
decreasing to zero at in�nity and any (u + 2)-tuple (i1; : : : ; iu; j1; j2) with i16 · · ·6iu ¡ iu + r6j16j2, and
h∈ L∞ satis�es ‖h‖∞61 and k ∈L,

|Cov(h(�i1 ; : : : ; �iu); k(�j1 ; �j2 ))|6Lip(k)�r (2)

and, respectively, for h; k ∈L

|Cov(h(�i1 ; : : : ; �iu); k(�j1 ; �j2 ))|6Lip(h)Lip(k)�r: (3)

Weak dependence conditions are shown to hold in, either causal or noncausal frames in Doukhan and
Louhichi (1997a). For this, consider also v-tuples (j1; : : : ; jv) with i16 · · ·6iu ¡ iu + r6j16 · · ·6jv, then
such weak dependence conditions are de�ned for functions h and k de�ned on Eu and Ev, respectively, through
inequalities

|Cov(h(�i1 ; : : : ; �iu); k(�j1 ; : : : ; �jv))|6vLip(k)�r (4)

if k ∈L and ‖h‖∞61 or
|Cov(h(�i1 ; : : : ; �iu); k(�j1 ; : : : ; �jv))|6min(u; v)Lip(h)Lip(k)�r (5)

if h; k ∈L. Strong mixing de�ned by Rosenblatt (see e.g., Doukhan, 1994) is a variation of such de�nitions
(see Doukhan and Louhichi, 1999); however mixing refers to �-algebras rather than to random variables. For
completeness, we now recall some examples adapted from Doukhan and Louhichi (1999), where noncausal
cases are also considered:
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De�nition 2. Let (�n)n∈ Z be a stationary sequence of real valued r.v’s and F be a measurable function de�ned
on RN. The stationary sequence (�n)n∈ Z de�ned by �n = F(�n; �n−1; �n−2; : : :) is called a causal Bernoulli
shift. We denote (�k)k ∈N any nonnegative sequence such that

E|F(�0; �−1; �−2; : : :)− F(�0; : : : ; �−r ; 0; 0; : : :)|6�r:

Causal shifts with i.i.d. innovations (�k)k ∈Z satisfy (4) with �r = 2�r (see Rio, 1996). Examples of such
situations follow:

• The example of the nonmixing stationary Markov chain with i.i.d. Binomial innovations (�t)t∈Z; �n =
(�n−1 + �n)=2 satis�es �r = O(2−r); its marginal distribution is uniform on [0; 1].

• The real-valued functional autoregressive model �t = r(�t−1)+ �t ; r :R→ R. If |r(u)− r(u′)|6c|u− u′| for
some 06c¡ 1 and for all u; u′ ∈R, and if the i.i.d. innovation process (�t)t ∈ Z satis�es E‖�0‖¡∞, then
s-dependence holds with �r = �r = Ccr for some constant C¿ 0.

• Chaotic expansions associated with the discrete chaos generated by the sequence (�t)t ∈ Z. In a condensed
formulation we write, F(x) =

∑∞
k=0 Fk(x); x∈RN for

Fk(x) =
∞∑

j1=0

∞∑

j2=0

· · ·
∞∑

jk=0

a(k)j1 ;:::; jk xj1xj2 : : : xjk ; k¿1;

where Fk(x) denotes the kth-order chaos contribution and F0(x)=a
(0)
0 is only a centering constant. In short

we write in the vectorial notation, Fk(x)=
∑

j ∈Nk a
(k)
j xj. Processes associated with a �nite number of chaos

(i.e. Fk ≡ 0 if k ¿k0 for some k0 ∈N) are also called Volterra processes. A simple and general condition for
L1-convergence of this expansion, still written in a condensed notation, is

∑∞
k=0{

∑
j ∈Nk |a(k)j |E|�0|k}¡∞.

This condition allows to de�ne the distribution of such shift processes. A suitable bound for �r is then

�r =
∞∑

k=0

⎧
⎨

⎩
∑

j ∈Nk ; ‖j‖∞¿r

∣∣∣a(k)j
∣∣∣ E|�0|k

⎫
⎬

⎭¡∞:

• For example, linear processes �n =
∑∞

k=0 ak�n−k which include ARMA models are those with Fk(x) ≡ 0
for all k ¿ 1. A �rst choice is �r = E|�0|

∑
k¿r |ak | for the linear process with i.i.d. innovations such that

E|�0|¡∞.
For centered and L2 innovations, another choice is �r =

√
E|�0|2

∑
k¿r |ak |2.

• The simple bilinear process with the recurrence equation �t = a�t−1 + b�t−1�t−1 + �t . Such processes are
associated with the chaotic representation in

F(x) =
∞∑

j=1

xj

j−1∏

s=0

(a+ bxs); x∈RZ:

If c = E|a+ b�0|¡ 1 then �r = �r = cr(r + 1)=(c − 1) has a geometric decay rate.

De�nition 3 (Esary et al., 1967). The sequence (�n)n∈ Z is associated if for all coordinatewise increasing
real-valued functions h and k on RA (A⊂Z), Cov(h(�A); k(�A))¿0, if E[h2(�A) + k2(�A)]¡∞.

Associated sequences satisfy (5) with �r=supt ∈ Z
∑

k¿r |Cov(�t; �t+k)|. Absolute values are useless here, but
Gaussian sequences also satisfy this condition with them. Hence combinations of such independent processes
yield examples of weak dependent sequences which are neither Gaussian nor associated.
The paper is organized as follows. Our main results are stated with their applications in Section 2, and

Section 3 is devoted to prove the main results.
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2. Main results

This paper is concerned with triangular arrays (Xn; k)k=1;:::; kn for n = 1; 2; : : : de�ned through an E-valued
weakly dependent sequence (�n)n∈N by numerical Lipschitz functions gn; k de�ned on E for k =1; : : : ; kn and
n= 1; 2; : : : , we assume that the sequence of integers kn increases to in�nity with n. We set

Xn; k = gn; k(�k) and Sn = Xn;1 + · · ·+ Xn; kn :
We assume in the following that EXn; k = 0. Now let Sk;n = Xn;1 + · · ·+ Xn; k for 16k6kn, we also suppose
that the exist constants �; �¿ 0 such that

lim
n→∞ Var Sn = �2¿ 0 and vk;n =Var Sk;n − Var Sk−1; n¿�n ; (6)

for each k ∈{1; : : : ; kn} and for any integer n.
We shall also set

�n = sup
16k6kn

Lip(gk;n); Mn = sup
16k6kn

‖gk;n‖∞;

�n = sup
16k6kn

E|Xk;n| and �n = sup
16k �=l6kn

E|Xk;nXl;n|:
(7)

We are now in a position to state the two main results of this paper.

Theorem 1. Assume that the E-valued sequence satis�es the s-weak dependence condition and the triangular
array (Xn; k)16k6kn de�ned as before satis�es assumption (6); then if

(knMn + k2=3n )Mn�n → 0; knMn
kn∑

p=1

min(�n�p; �n)→ 0; kn
kn∑

p=1

min(Mn�n�p; �n)→ 0;

as n→ ∞; we obtain
Sn →n→∞ N(0; �2) in distribution:

Theorem 2. Assume that the E-valued sequence satis�es the a-weak dependence condition and the triangular
array (Xn; k)16k6kn de�ned as before satis�es assumption (6); then if

(knMn + k2=3n )Mn�n → 0; knMn
kn∑

p=1

min(�2n�p; �n)→ 0; kn
kn∑

p=1

min(�2n�p; �n)→ 0;

as n→ ∞; we obtain
Sn →n→∞ N(0; �2) in distribution:

Applications of those results given in Section 3 will prove that they lead to real improvement of previous
results. They also lead to completely new results extending e.g. in Peligrad and Utev (1997).

2.1. Linear triangular arrays

The random variables �k are supposed to be uniformly bounded, real valued and centered at expectation
and here

gn; k(x) = an; kx;

hence setting bn = sup16k6kn |an; k | we obtain, �n6Cbn; Mn6Cbn; �n6Cbn; �n6Cb2n, for some constant
C¿ 0. We deduce the following result:
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Corollary 1. Assume that the R-valued sequence satis�es either the s-weak dependence condition or the
a-weak dependence condition and assumptions (6). If moreover; knb2n → 0; as n → ∞ and

∑∞
p=1 �p¡∞

then

Sn → N(0; �2) in distribution; as n→ ∞:

Notice �rst that as in Peligrad and Utev (1997), we need bn → 0. Moreover, those authors also assume the
�rst condition in (6); the second one is however not always satis�ed (as for the example of regression with
a �xed design described without proof in the latter paper).
The proof also yields the (standard) CLT n−1=2

∑n
1 �k → N(0; �2) for a stationary and bounded weakly

dependent sequence with �2¿ 0 and
∑∞

p=0 �p¡∞.

2.2. Density estimation

Let u be some numerical function with integral 1, Lipschitzian and rapidly convergent to 0 at in�nity, for
simplicity, we assume here that it is compactly supported; one classically (see e.g. Rosenblatt, 1991) de�nes
kernel density estimates for the marginal density of the process (�n) by setting for some �xed sequence (hn)
of positive real numbers such that h→ 0 (for clarity we write h instead hn) and nh→ 0 as n→ ∞,

f̂(x) = fn; hn(x) with fn; h(x) =
1
nh

n∑

k=1

u
(
x − �k
h

)
:

We assume from now on, that the marginal density of Xn exists and we denote it f. The study of the bias of
this estimate is purely analytical and does not depend on the dependence properties of the sequence (�n) as
it is noticed in Rosenblatt (1991). We thus restrict our attention to the centered estimation process, written as

Zn(x) :=Zn; hn(x) =
√
nhn(f̂(x)− Ef̂(x)):

Let x1; : : : ; xl ∈R, if one wants to know the asymptotic behaviour in distribution of the vector (Zn(x1); : : : ;
Zn(xl)), it is su�cient to use the previous theorems with kn = n and, Xn; k = (1=

√
nh)
∑l

j=1 sju(�k − xj=h), for
arbitrary numbers s1; : : : ; sl ∈R, to see that this example enters the frame of a general triangular array.

Corollary 2. Assume that the previous s-weak dependence (resp. a-) condition holds for the stationary
sequence (�n)n∈N with for some positive a¡ 1

3 (resp. a¡
1
4 )
∑∞

p=1 �
a
p ¡∞; then the �nite-dimensional

marginals (Yn(x1); : : : ; Yn(xl)); of the process Yn(x) ≡ Zn(x)=
√
f(x)

∫∞
−∞ u

2(t) dt converge in distribution to
an N(0; Il) random variable if we assume moreover that f(x1) �= 0; : : : ; f(xl) �= 0; that �0’s marginal admits
a continuous marginal density f and the marginal densities fk(x; y) of the bivariate random variables (�0; �k)
exist for any k ¿ 0 and satisfy supk¿0 sup(x;y)∈R2fk(x; y)¡∞.

Remarks
• These conditions hold, respectively, if �r = O(r−a) for some a¿ 3 (resp. a¿ 4).
• This result improves on a previous result in Doukhan and Louhichi (1997) (see also Isha and Prakasa,
1995 or Chanda and Ruymgart, 1990), e.g. under association we need Cov(�0; �r)=O(r−a) for a¿ 5 while
the previous result was obtained assuming a¿ 12 and for causal shifts it was needed that �r = O(r−a) for
some a¿max{9; 32 (1 + �−1)} if h ∼ n−�. In both cases, the result seems to be new.• For strongly mixing sequences, the condition �n=O(n−a) for a¿ 1 ensures this CLT as proved by Robinson
(1983) (and also Ango Nze and Doukhan, 1996); this assumptions is of a di�erent nature, e.g. linear
processes satisfy the mixing conditions (under additional regularity conditions; see Doukhan, 1994, Chapter
2.3) the decay rate of the coe�cients are there more restrictive.
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Up to constants, we obtain �n = 1=(h
√
nh); Mn = �nh; �n = h=n; and �n = h=

√
nh. Conditions (6) follow

by standard arguments from assumptions on marginal densities and from
∑∞

p=0 �
a
p ¡∞ for 3a¡ 1 (resp. for

4a¡ 1) (see e.g. Doukhan and Louhichi, 1997 or Ango Nze and Doukhan, 1996). We now split the proof
in the cases considered.

2.2.1. s-dependence
Now nM 2

n �n + n
2=3Mn�n = 1=(

√
nh) + (4h1=3=(nh)1=3), so that we just need nh→n→∞ ∞. Let a∈ ]0; 1];

nMn
∞∑

p=1

min(�n�p; �n)6
∞∑

p=1

(
�p
h2

)a(√h
n

)1−a
=

1
(nh)(1−a)=2

h1−3a
∞∑

p=1

�ap:

We need that for some a6 1
3 ;
∑∞

p=1 �
a
p ¡∞:

n
∑

min(�n;Mn�n�p)6
∞∑

p=1

min
(
h;
n�p
nh2

)
6

∞∑

p=1

�aph
−2ah1−3a:

If for some 0¡a¡ 1
3 ;
∑∞

p=1 �
a
p ¡∞, the previous expression tends to 0 when n→ ∞.

2.2.2. a-dependence
Now, nM 2

n �n = 1=
√
nh→ 0 as n→ ∞. We also consider

nMn
∞∑

p=1

min(�2n�p; �n) =
∞∑

p=1

min

(√
h
n
;

�p
n1=2h7=2

)
6

1√
nh
h1−4a

∞∑

p=1

�ap for a∈ ]0; 1]:

So we need that there exists a6 1
4 with

∑∞
p=1 �

a
p ¡∞:

n
∞∑

p=1

min(�2n�p; �n) =
√
nh

∞∑

p=1

min

(√
h
n
;

�p
n1=2h7=2

)
6h1−4a

∞∑

p=1

�ap:

If there is some positive a¡ 1
4 with

∑∞
p=1 �

a
p ¡∞, we conclude the proof.

3. Proofs

3.1. Proof of Theorem 1

The proof is a variation of Lindeberg method after Rio (1995). Consider a bounded thrice di�erentiable
function h :R→ R with continuous and bounded derivatives. Set Cj=‖h( j)‖∞, for j=0; 1; 2; 3. Also consider
�2n=Var Sn. Set, for some standard Gaussian r.v. �; �n(h)=E(h(Sn)−h(�n�)). The theorem will follow from
assumptions (6), if we prove that

lim
n→∞�n(h) = 0:

Recall that vk;n ¿ 0 for each k and set Yn; k ∼ N(0; vn; k). The sequence (Yn; k)16k6kn; n¿1 is assumed to be
independent and independent of the sequence (�k)k ∈N, and set, if 16k6kn; Tk;n =

∑kn
j=k+1 Yn;j, empty sums

are, as usual, set equal to 0. We are in position to use Rio’s decomposition

�n(h) =
kn∑

k=2

�k;n(h) (8)

with �k;n(h) = E(h(Sk−1; n + Xn; k + Tk;n)− h(Sk−1; n + Yn; k + Tk;n)):
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The function x → hk;n(x) = E h(x+ Tk;n) has the same derivability properties as h, e.g. for 06j63; ‖h( j)k;n‖
6Cj; now, from independence of the Gaussian r.v. Tk;n and the process (�n)n∈N, we write �k;n(h)=�

(1)
k;n(h)−

�(2)k;n(h); with

�(1)k;n(h) = E hk;n(Sk−1; n + Xn;k)− E hk;n(Sk−1; n)−
vk;n
2
E h′′k;n(Sk−1; n);

�(2)k;n(h) = E hk;n(Sk−1; n + Yn;k)− E hk;n(Sk−1; n)−
vk;n
2
E h′′k;n(Sk−1; n):

Bound of �(2)k;n(h). Using Taylor expansion yields for some random variable valued �n; k ∈ (0; 1):
�(2)k;n(h)=E h′k;n(Sk−1; n)Yn; k+ 1

2E h
′′
k;n(Sk−1; n)(Y

2
n; k−vn; k)+ 1

6E h
(3)
k;n(Sk−1; n+�n; kYn; k)Y

3
n; k . From the independence

of the Gaussian sequence, |�(2)k;n(h)|6(C3=6)E|Yn; k |3, hence |�(2)k;n(h)|6(2C3v3=2k;n =3
√
2�). Now vk;n=Var Xn; k +

2
∑k−1

j=1 Cov (Xn;j; Xn; k), hence vk;n6Mn�n + 2
∑kn−1

j=1 min(�nMn�j; �n). We thus need

k2=3n

⎡

⎣Mn�n + 2
k−1∑

j=1

min(�nMn�j; �n)

⎤

⎦→n→∞ 0: (9)

Bound of �(1)k;n(h). Set �
(1)
k;n(h) = E�(1)k;n(h) we write, again with some random �k;n ∈ (0; 1), �(1)k;n(h) =

h′k;n(Sk−1; n)Xn; k +
1
2h

′′
k;n(Sk−1; n)(X

2
n; k − vn; k) + 1

6 (h
(3)
k;n(Sk−1; n + �n; kXn; k)X

3
n; k). We analyze separately the term

in the previous expression

1
6
|E h(3)k;n(Sk−1; n + �n; kXn; k)X 3n; k |6

C3
6
M 2
n �n: (10)

To estimate the median term, we write Cov(h′′k;n(Sk−1; n); X
2
n; k) =

∑k−1
j=1 Cov ((h

′′
k;n(Sj;n) − h′′k;n(Sj−1; n); X

2
n; k),

hence

|Cov(h′′k;n(Sk−1; n); X 2n; k)|6max(2C2; C3)Mn
k−1∑

j=1

min(�n�j; �n): (11)

|Cov(h′k;n(Si;n)− h′k;n(Si−1; n); Xn; k)|6Cmin(Mn�n�k−i ; �n) (12)

and

|Eh′′k;n(Sk−1; n)EXn; iXn; k |6Cmin(Mn�n�k−i ; �n): (13)

Adding (12) and (13) and summing up the expression for all i we get
∣∣∣∣∣E h

′
k;n(Sk−1; n)Xn; k − E h′′k;n(Sk−1; n)

k−1∑

i=1

EXn; iXn; k

∣∣∣∣∣6C
k−1∑

p=1

min(Mn�n�p; �n): (14)

We add Eqs. (10), (11) and (14) to obtain

|�(1)k;n(h)|6max(2C2; C3)
[
M 2
n �n +Mn

k−1∑

p=1

min(�n�p; �n) +
∑

min(Mn�n�p; �n)
]
: (15)

Now we sum for all k to conclude
∣∣∣∣∣

kn∑

k=2

�(1)k;n(h)

∣∣∣∣∣6C
[
knM 2

n �n + knMn
∞∑

p=1

min(�n�p; �n) + kn
∞∑

p=1

min(Mn�n�p; �n)
]
: (16)
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3.2. Proof of Theorem 2

Only replace, respectively, Eqs. (11)–(14) by

|Cov(h′′k;n(Sk−1; n); X 2n; k)|6CMn
k−1∑

j=1

min(�2n�j; �n);

|Cov(h′k;n(Si;n)− h′k;n(Si−1; n); Xn; k)|6Cmin(�n; �2n�k−i);

|E h′′k;n(Sk−1; n)EXn; iXn; k |6Cmin(�n; �2n�k−i)
and

∣∣∣∣∣E h
′
k;n(Sk−1; n)Xn; k − E h′′k;n(Sk−1; n)

k−1∑

i=1

EXn; iXn; k

∣∣∣∣∣6C
k−1∑

p=1

min(�2n�k−i ; �n):

Then we replace (15) by

|�(1)k;n(h)|6C
[
M 2
n �n +Mn

k−1∑

p=1

min(�2n�p; �n) +
k−1∑

p=1

min(�2n�p; �n)
]
:

Finally we replace (16) by
∣∣∣∣∣

kn∑

k=2

�(1)k;n(h)

∣∣∣∣∣6CknM
2
n �n + knMn

∞∑

p=1

min(�2n�p; �n) +
∞∑

p=1

min(�2n�p; �n):
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