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Abstract. This article revolves around a recent numerical framework for shape and topology optimization,

which features an exact mesh of the shape at each iteration of the process, while still leaving the room for
an arbitrary evolution of the latter (including changes in its topology). In a nutshell, two complementary

representations of the shape are combined: on the one hand, it is meshed exactly, which allows for precise

mechanical calculations based on the finite element method; on the other hand, it is described implicitly,
using the level set method, which makes it possible to track its evolution in a robust way. In the first part

of this work, we overview the main aspects of this numerical strategy. After a brief presentation of some

necessary background material – related to shape optimization and meshing, among others – we describe the
numerical schemes involved, notably when it comes to the practice of the level set method, the remeshing

algorithms, and the considered optimization solver. This strategy is illustrated with 2d and 3d numerical

examples in various physical contexts. In the second part of this article, we propose a simple albeit efficient
python-based implementation of this framework. The code is described with a fair amount of details, and it

is expected that the reader can easily elaborate upon the presented examples to tackle his own problems.
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1. Introduction

The scarcity and the cost of resources such as raw materials and energy make it ever more necessary to
tailor the design of physical devices from the early stages of design, so that they achieve their purpose
with the minimum amount of constituent material and input power. For this reason, shape and topology
optimization has aroused a tremendous enthusiasm in both academic and industrial communities, as a set of
fully automated algorithms for predicting optimized designs with respect to physical requirements, see e.g.
[13, 15, 23, 53, 80].

From the mathematical point of view, shape and topology optimization problems show up under the
generic form

min
Ω
J(Ω) s.t.

{
G(Ω) = 0,
H(Ω) ≤ 0,

where the objective and the equality and inequality constraint functionals J(Ω), G(Ω) and H(Ω) depend on
the optimized shape Ω in a possibly very intricate way: in concrete applications, they involve a taste of the
physical behavior of Ω through the solution to a partial differential equation posed on Ω. For instance,

• When Ω accounts for a mechanical structure subjected to prescribed loads, J(Ω), G(Ω) and H(Ω)
bring into play the elastic displacement, characterized as the solution to the linear elasticity system
posed on Ω;

• When Ω represents a fluid duct, J(Ω), G(Ω) and H(Ω) depend on the velocity of the fluid, which is
governed by the Stokes or the Navier-Stokes equations on Ω.

Leaving aside theoretical issues, regarding for instance the existence of an optimal solution (a purpose for
which we refer to e.g. [29, 67]), the numerical treatment of such problems is classically plagued by the need to
reconcile two antagonistic needs. On the one hand, the evaluation of the objective and constraint functionals
J(Ω), G(Ω), H(Ω) and the calculation of their sensitivities with respect to “small” variations of the design Ω
require to solve one or several partial differential equations posed on Ω. This task is typically accomplished
by using the finite element method, which in turn relies on a high-quality mesh T of Ω. On the other hand,
the update of the shape Ω between successive stages of the optimization process, which is typically realized
by deforming Ω according to a velocity field θ : Rd → Rd, is a difficult operation to translate in terms of a
mesh of Ω, since the latter very likely becomes degenerate or even invalid in the course of such process.

This difficulty of finding a numerical representation of the shape which is amenable to all the operations of
a shape and topology optimization workflow has been acknowledged as a genuine bottleneck since the early
days of shape optimization. It is also encountered in multiple disciplines such as inverse problems, image
processing, etc., see for instance Chap. 23 in [60] about this point. Various paradigms have been thought of
to overcome this issue; let us notably mention two of them:

• Relaxation methods replace the parametrization of the shape and topology optimization problem by
classical “black-and-white” designs Ω – or equivalently their characteristic function, taking the values
0 and 1 outside and inside Ω respectively – by “grayscale” density functions h : D → [0, 1] defined on
a large “hold-all” domain D (and possibly a microstructure tensor, describing the local microscopic
structure of the shape). This change of perspectives can be rigorously justified by the mathematical
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theory of homogenization [4, 3, 74], which has inspired simplified, heuristic variants of “classical”
shape optimization problems such as the popular SIMP framework in mechanical engineering, see
[22, 23].

• Eulerian methods, such as the level set method [11, 87, 94, 102] or the phase-field method [24, 27,
44, 99] bring into play a fixed mesh of a large “hold-all” domain D. The sought shape Ω is defined
implicitly, in terms of quantities defined on the whole domain D. For instance, the level set method
features shapes defined as negative subdomains {x ∈ D, φ(x) < 0} of functions φ : D → R, see
Section 3.3.1 below for more details.

The aforementioned methods alleviate the need to track the evolution of a mesh of the optimized shape Ω, but
this comes at a price: the fact that no proper mesh of Ω is available raises the need for an approximation of
the partial differential equations characterizing its physical behavior, or for an advanced and often intrusive
finite element method tailored for implicitly-defined domains, such as the eXtended Finite Element Method
(X-FEM) [50], or the cut-FEM method [32].

In this article, we overview a recent mesh evolution framework introduced in [5, 6, 7], which allows to
describe arbitrarily large deformations of the shape throughout the process, and which at the same time
features an exact, well-shaped mesh of the latter. This framework leverages two complementary represen-
tations of shapes: on the one hand, they are meshed exactly, and so accurate mechanical computations can
be conducted by standard finite element methods and solvers used in a “black-box” fashion. On the other
hand, they are represented by means of the level set method on a larger, fixed computational domain, which
makes it possible to account for arbitrarily large deformations. The core of this strategy is a set of numerical
algorithms allowing to switch from one of these representations to the other, and so to consistently use that
which is most relevant for every operation involved in the shape optimization workflow. Since its intro-
duction in the context of structural mechanics, this idea has been successfully applied in a variety of more
challenging physical contexts, such as fluid mechanics and fluid-structure interaction [56, 58], heat transfer
[59], quantum chemistry [28], plasticity [47], fracture mechanics [46], etc.

The aim of this article is twofold. First and foremost, we describe this level set based mesh evolution
strategy and its main numerical ingredients, such as the algorithms involved in the practice of the level set
method, the meshing aspects of the framework, and the efficient resolution of infinite-dimensional constrained
optimization problems. We conclude this presentation with a selection of numerical results obtained by
application of this strategy. The second purpose of this work is in line with the multiple educational articles
that have been devoted to shape and topology optimization, see e.g. [12, 76, 95] or [101] for an exhaustive
list. We propose and detail a python implementation of this level set based mesh evolution framework which
is at the same time pedagogical (and thus reasonably simple), and general enough to allow the user to easily
build upon this code so as to address his personal shape optimization problems.

The remainder of this article is organized as follows. In Section 2, we present the model physical setting of
our discussion, that of shape optimization of elastic structures. We introduce the chief theoretical concepts
at stake, and provide a general sketch of a typical shape optimization procedure. In Section 3, we discuss
the choice of an adequate representation of the shape in the perspective of accounting for its update between
the various iterations of the shape optimization process. After a brief reminder of the relevant notions, we
describe Lagrangian strategies, their limitations, and we present the level set method and its applications
in shape and topology optimization as a potential remedy. In Section 4, we describe the level set based
mesh evolution method at stake in this article, and we describe the main numerical operations involved. In
Section 5, we then present several numerical results obtained with this strategy. This article ends with a
fairly long appendix where a proposed open-source implementation of this framework is presented: each step
of the method is carefully described, with the hope that it is easy for the reader to get into the code and
elaborate upon it for its own purposes.

2. Presentation of the shape optimization framework

In this section, we introduce the theoretical framework of this article, and we discuss a few important notions.
To set ideas, our discussion unfolds in the relatively simple physical setting of linearly elastic structures,
which is presented in Section 2.1; some basic facts about Hadamard’s boundary variation method and shape
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derivatives are then recalled in Section 2.2. Finally, we sketch a generic shape optimization algorithm in
Section 2.3, as a support for the subsequent practical considerations.

2.1. A model shape optimization problem in the context of structural mechanics

Throughout this presentation, a shape is a bounded, Lipschitz domain Ω ⊂ Rd (d = 2, 3), whose boundary
is the reunion of three disjoint, open regions ΓD, ΓN , Γ:

∂Ω = ΓD ∪ ΓN ∪ Γ.

In this decomposition,

• ΓD is a given piece of hypersurface where Ω is clamped;
• ΓN is another given piece of hypersurface where loads g ∈ L2(ΓN )d are applied;
• The remaining part Γ of ∂Ω is traction free; it is the only part of ∂Ω which is subject to optimization;

see Fig. 1 for an illustration.
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Figure 1. Physical setting of mechanical structures considered in Section 2.1.

Omitting body forces for simplicity, the displacement of Ω is the unique solution uΩ in the space

H1
ΓD

(Ω)d :=
{
u ∈ H1(Ω)d, u = 0 on ΓD

}

to the linearized elasticity system:

(2.1)





−div(Ae(uΩ)) = 0 in Ω,
uΩ = 0 on ΓD,

Ae(uΩ)n = g on ΓN ,
Ae(uΩ)n = 0 on Γ.

In this formulation, H1(Ω) is the usual Sobolev space of functions in L2(Ω) whose first-order derivatives are
also in L2(Ω), see [2]. We have denoted by n : ∂Ω → Rd the unit normal vector to ∂Ω, pointing outward
Ω, and the symmetric d × d matrix e(u) := 1

2 (∇u +∇uT ) is the strain tensor associated to a displacement

field u : Ω → Rd. The Hooke’s law A is a fourth-order tensor characterizing the physical properties of the
constituent material of Ω: it relates the state of stress σ(u) inside the structure with the strain e(u) via the
relation

σ(u) = Ae(u), where, for any symmetric d× d matrix e, Ae = 2µe+ λtr(e)I,

and λ, µ are the Lamé coefficients of the material.

In this context, a generic shape optimization problem reads

(2.2) min
Ω
J(Ω) s.t.

{
G(Ω) = 0,
H(Ω) ≤ 0.

Several important examples about the objective functional J(Ω) are:
4



• The compliance of Ω

(2.3) C(Ω) =

∫

Ω

Ae(uΩ) : e(uΩ) dx =

∫

Γ

g · uΩ ds,

where : is the Frobenius inner product over the set of d× d matrices. Equivalently, C(Ω) measures
the total elastic energy stored inside Ω or the work done by the applied loads g;

• A least-square discrepancy criterion

D(Ω) =

∫

Ω

k(x)|uΩ − uT (x)|2 dx

between the elastic displacement of Ω and a target displacement uT (x), weighted by a function k(x).
• An integral measure of the stress inside the structure

(2.4) S(Ω) =

∫

Ω

k(x)||σ(uΩ)||2 dx,

where for any d× d matrix σ, we have denoted ||σ||2 := σ : σ.

In the formulation (2.2), G(Ω) = (Gi(Ω))i=1,...,p and H(Ω) = (Hj(Ω))j=1,...,q are collections of p real-valued
equality constraints and q inequality constraints, respectively. These functionals may be, for instance:

• The volume Vol(Ω) or the perimeter Per(Ω) of the shape,

(2.5) Vol(Ω) =

∫

Ω

dx, and Per(Ω) =

∫

∂Ω

ds.

• Other constraints related to the geometry of Ω (thickness, curvature radii, etc.), as imposed by the
manufacturing process.

In the sequel, when it allows to simplify the exposition, we shall sometimes consider unconstrained versions
of (2.2), of the form

(2.6) min
Ω
J(Ω),

where the minimized function J(Ω) may represent e.g. a weighted sum of some of the above shape functionals.

2.2. The boundary variation method of Hadamard

Most numerical algorithms dedicated to problems of the form (2.2) rely on the derivatives of the objective
and constraint functions with respect to the optimized variable. In the present context, this raises the need
to account for derivatives with respect to the domain. This task can be achieved in different fashions, and
we rely on the Hadamard’s boundary variation method, pioneered by [64, 81], see also [13, 45, 67, 96].

In this framework, variations of a given shape Ω are considered under the form

(2.7) Ωθ := (Id + θ)(Ω), θ ∈W 1,∞(Rd,Rd), ||θ||W 1,∞(Rd,Rd) < 1,

where W 1,∞(Rd,Rd) is the Sobolev space of Lipschitz vector fields on Rd, see [54]. Intuitively, (2.7) expresses
the fact that Ω is deformed according to the “small” vector field θ, see Fig. 2.

Remark 2.1. Often in practice, the vector fields θ featured in Hadamard’s method are required to enjoy higher
regularity, or to vanish on a region of space which is not subject to modifications, so that they are actually
confined to a subset of W 1,∞(Rd,Rd). To keep the presentation elementary, we ignore this technicality in
the following, see also Section 4.5.

One functional of the domain F (Ω) is then said to be shape differentiable at a particular shape Ω if
the underlying mapping θ 7→ F (Ωθ), from W 1,∞(Rd,Rd) into R is Fréchet differentiable at θ = 0. The
corresponding derivative θ 7→ F ′(Ω)(θ) satisfies the following expansion:

(2.8) F (Ωθ) = F (Ω) + F ′(Ω)(θ) + o(θ), where
|o(θ)|

||θ||W 1,∞(Rd,Rd)

θ→0−−−→ 0.

The shape derivatives of the objective and constraint functions J(Ω), G(Ω) and H(Ω) of an optimization
problem of the form (2.2) are handful for a variety of purposes. From the theoretical point of view, they
are the building blocks of the necessary conditions for a shape Ω to be locally optimal with respect to (2.2);
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Figure 2. Deformed version Ωθ of a shape Ω according to Hadamard’s boundary variation
method.

from the numerical vantage, they make it possible to calculate descent directions as vector fields θ : Rd → Rd
encoding deformations of Ω improving its “performance”.

Like those introduced in Section 2.1, the functionals of interest in concrete applications usually depend
on the shape Ω in a quite intricate way, via a “state” uΩ, characterized as the solution to a “physical”
partial differential equation posed on Ω. Nevertheless, their shape derivatives can be calculated thanks to
the adjoint method, pertaining to the more general field of optimal control. This stake is conceptual and
by no means trivial; however, it is well-understood in the literature, and we do not expand on the subject,
referring to [77], or [91] for a comprehensive introduction to this method; see also the recent review [8] in
the more specific context of shape optimization. Let us simply recall that the shape derivatives of such
functionals usually involve the function uΩ as well as an “adjoint state” pΩ, satisfying a partial differential
equation very similar to that for uΩ, with a different right-hand side. Here are a few examples, working
under mild regularity assumptions on the shape Ω or the state uΩ, which are omitted for brevity:

• The volume Vol(Ω) has the shape derivative

Vol′(Ω)(θ) =

∫

∂Ω

θ · n ds.

• The shape derivative of the compliance C(Ω) given by (2.3) reads

C ′(Ω)(θ) = −
∫

Γ

Ae(uΩ) : e(uΩ) θ · n ds.

• The stress functional S(Ω) in (2.4) has the shape derivative

(2.9) S′(Ω)(θ) =

∫

Γ

(
k(x)||σ(uΩ)||2 +Ae(uΩ) : e(pΩ)

)
θ · n ds,

where the adjoint state pΩ is defined as the solution in H1
ΓD

(Ω)d to the equation

(2.10)




−div(Ae(pΩ)) = div(k(x)Aσ(uΩ)) in Ω,

pΩ = 0 on ΓD,
Ae(pΩ)n = 0 on Γ ∪ ΓN .

The above expressions exemplify a quite general phenomenon. Shape derivatives are naturally calculated
in volume form, i.e. their expressions are made of volume integrals on Ω, involving uΩ, θ, ∇θ, etc.; under
suitable regularity assumptions on the shape Ω, the state uΩ and the possible adjoint state pΩ, they can
often be given a surface expression of the type:

(2.11) J ′(Ω)(θ) =

∫

Γ

vΩ θ · n ds,
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where vΩ : Γ→ R is a scalar field whose expression depends on J(Ω), uΩ and pΩ. In particular, such a shape
derivative J ′(Ω)(θ) only depends on the values of the normal component θ · n of the deformation θ on the
boundary ∂Ω, in agreement with the so-called Structure theorem for shape derivatives, see e.g. §5.9 in [67]
or Chap. 9, §3.4 in [45].

Surface expressions (2.11) for shape derivatives are convenient for a variety of purposes; for instance, when
the unconstrained minimization problem (2.6) of J(Ω) is considered, a descent direction θ is easily obtained
by imposing that

(2.12) θ = −vΩn on Γ, so that J ′(Ω)(θ) = −
∫

Γ

v2
Ω ds < 0.

On the other hand, however more difficult to exploit, volume expressions may lend themselves to more
accurate numerical discretization, see [69].

Remark 2.2. Variations of the domain of a different nature from (2.7) are possible, leading to as many
different notions of derivative with respect to the domain. Notably, it is possible to account for variations of
a shape Ω of the form Ωx0,r := Ω \ B(x0, r), where x0 is a given point inside Ω and r > 0. This leads to
expansions of the form

J(Ωx0,r) = J(Ω) + rddJT (x0) + o(rd),

where dJT (x0) is called the topological derivative of J at x0 and measures the sensitivity of J with respect to
the nucleation of an infinitesimally small hole inside Ω. We refer to [84] about this concept, and to [9, 14]
about different ways of using it in the context of shape and topology optimization; see also Appendix A.10
for an implementation.

Let us also evoke the existence of more exotic “topological ligament expansions”, evaluating the sensitivity
of a shape with respect to the addition of a thin ligament, see [38, 73, 82].

2.3. An abstract shape optimization algorithm

The notion of shape derivative underlies a wide range of algorithms for dealing with shape optimization
problems of the form (2.2); in broad outline, each iteration in their implementation can be decomposed into
three main stages:

(1) The physical quantities attached to the current shape Ωn (the elastic displacement uΩn and the
adjoint state pΩn in the context of Section 2.1) are computed by solving the corresponding partial
differential equations. For instance, this can be conveniently realized thanks to a finite element
solver, if a mesh of the shape Ωn is available.

(2) A decent direction θn for the problem (2.2) is inferred: θn is a vector field such that the deformed
version (Id+τnθn)(Ωn) of Ωn along θn for a “small enough” time step τn has “improved” performance
over Ωn. For instance, when the constraint-free problem (2.6) is considered, θn is simply a vector
field such that J ′(Ωn)(θn) < 0. When a more general constrained optimization problem of the form
(2.2) is considered, θn is calculated from the knowledge of the shape derivatives J ′(Ω), G′(Ω), H ′(Ω)
owing to a constrained optimization algorithm.

(3) The shape Ωn is updated into Ωn+1 := (Id + τnθn)(Ωn).

This generic procedure is summarized in Algorithm 1.
One critical issue lies in the difficulty of finding a numerical description of the shape and its evolution

which is appropriate to each of these three stages. For instance, choosing to represent the shape with a
computational mesh conveniently allows to carry out the mechanical analyses implied by the first stage.
Unfortunately, such decision makes it notoriously difficult to realize the update of the shape in the third
stage in a robust way, all the more so as when large deformations (not to say topological changes) are at
stake. This dilemma is faced by all implementations of Algorithm 1, and we focus specifically on this point
from the next Section 3.

3. Meshing aspects of shape optimization

The present section is dedicated to the numerical representation of the shape in the perspective of realizing
its update between two successive steps of a shape optimization procedure. At first, we briefly recall a
few basic definitions and important facts about meshing in Section 3.1, referring for instance to the books
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Algorithm 1 Generic shape gradient algorithm.

Initialization: Initial shape Ω0.
for n = 0, ..., until convergence do

(1) Calculate the solution uΩn (resp. pΩn) to the state (resp. adjoint) equation posed in Ωn.
(2) From the theoretical formulas for the shape derivatives J ′(Ω)(θ), G′(Ω)(θ) and H ′(Ω)(θ), infer

a descent direction θn from Ωn for the shape optimization problem (2.2).
(3) Deform Ωn according to θn for a small descent step τn > 0, so that the new shape

Ωn+1 := (Id + τnθn)(Ωn)

is “better” than the previous one in view of (2.2).
end for
return Ωn

[25, 26, 60] for more in-depth presentations. We then present the early “Lagrangian” strategies for shape
optimization, emphasizing on their inherent limitations related with meshing aspects. Finally, we describe
the level set method as one attempt to circumvent them, and as a cornerstone of the numerical framework
discussed in this article.

3.1. Basic notions about meshes

Let Ω be a polygonal domain; a simplicial mesh of Ω is a collection T = {Ti}i=1,...,N of open simplices (i.e.

triangles in 2d, tetrahedra in 3d) which constitute a covering of Ω, that is:

Ω =

N⋃

i=1

Ti.

In addition, one usually demands that

• T should be valid, in the sense that the Ti are mutually disjoint: Ti ∩ Tj = ∅ when i 6= j.

• T should be conforming : for i 6= j the intersection Ti ∩ Tj is either a vertex, an edge, or (in 3d) a
face of T .

The volume mesh T of Ω additionally bears the information of a surface mesh ST , that is, a mesh composed
of edges in 2d, triangles in 3d, accounting for the boundary ∂Ω and for internal interfaces, delimiting distinct
material regions within Ω.

Numerous methods are available when it comes to creating such a mesh T , depending on how the infor-
mation related to Ω is supplied. Often, a surface mesh S of the boundary ∂Ω is provided, which has for
instance been constructed thanks to a CAD software; the interior of Ω is then filled with simplices agreeing
with the surface elements of S. The most efficient procedures to fulfill this goal are the constrained Delaunay
algorithm, or advancing front strategies, [25, 26, 60]. Without entering into details, let us stress that, in
spite of its importance and the attention that has been brought to its analysis for several decades, this task
remains delicate.

One crucial aspect of meshes is their quality, a notion which actually takes on two quite different natures,
both illustrated on Fig. 3.

• The finite element quality. The accuracy of most numerical simulations – conducted with e.g. the
finite element method – is strongly dependent on how close the elements of the computational mesh
T are from being regular, see for instance [36] about this classical issue. In practice, a quality factor
Q(T ) is used to evaluate the aspect ratio of each simplex T ∈ T , with the meaning that Q(T ) ≈ 1
when T is close to regular, and Q(T ) ≈ 0 when it is nearly degenerate. One popular criterion used
in the literature is:

Q(T ) = α
Vol(T )

(
d(d+1)/2∑
i=1

|ei|2
) d

2

,

where the ei are the edges of T , and α is a normalization factor.
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a b

c d

Figure 3. (a) Ill-shaped mesh of a wheel; (b) high quality mesh of the same geometry;
(c) mesh accounting for a poor geometric approximation of a plane; (d) fine geometric
approximation of the same plane.

• The geometric quality. Often in practice, the considered domain Ω (or the internal regions within
Ω) is not polygonal; the surface triangulation ST is only an approximation of ∂Ω, and it is crucial to
ensure that this approximation is accurate enough. This may for instance be expressed by demanding
that the Hausdorff distance dH(ST , ∂Ω) between ST and the “ideal”, continuous boundary ∂Ω be
smaller than a user-defined tolerance ε.

3.2. “Geometric” shape optimization

One early attempt to implement the abstract program of Algorithm 1 follows an intuitive “Lagrangian”
strategy, see e.g. [80] or [89]. At each iteration n, the shape Ωn is explicitly represented by means of a
computational mesh T n. This choice is particularly convenient for the first stage of Algorithm 1, since
the solution uΩn to the linear elasticity system (2.1) (and likewise, that pΩn to the adjoint system) can be
accurately computed thanks to the finite element method; in principle, any commercial solver can be used
in a non intrusive way to this end. The calculation of a descent direction θn for the shape optimization
problem (2.2), which is the second stage of Algorithm 1, is easily conducted from these data.

The major difficulty posed by this framework is related to the final stage of Algorithm 1, which is about
passing from (the mesh T n of) Ωn to (a mesh T n+1 of) Ωn+1 := (Id+ τnθn)(Ωn). Certainly, one mesh T n+1
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of Ωn+1 can be obtained by relocating the vertices of T n according to the rule

(3.1) ∀ vertex x of T , x 7−→ x+ τnθn(x),

while keeping the connectivities of the mesh unchanged, see Fig. 4. This simple practice unfortunately suffers
from serious limitations, since some elements of the mesh are prone to become seriously ill-shaped in the
process, not to say downright invalid, see Fig. 4 (c).

a b c

Figure 4. (a) Mesh T n of the shape Ωn with the descent direction θn discretized at its
vertices; (b) updated mesh T n+1 of Ωn+1 := (Id + τnθn)(Ωn) obtained by using the rule
(3.1) with a “small enough” time step τn; (c) invalid mesh T n+1 when the chosen time step
τn is “too large”.

Admittedly, such an update of the computational mesh can be conducted in a relatively efficient manner
thanks to a number of heuristics. For instance,

• One may extend the displacement field θn from the boundary ∂Ωn to the interior vertices by solving
an elasticity system, with the hope that the extended field induces little compression of the mesh
elements. Large mesh displacements have been realized based on this idea in [17].

• The displacement (3.1) of the vertices of T n can be realized within several sub-stages intertwined
with remeshing operations, whose aim is to improve the quality of elements and thereby to postpone
the onset of degenerate or invalid elements, insofar as possible, see for instance [20, 65] in this
direction.

The so-called Deformable Simplicial Complex (DSC) method, which leverages such ideas together with
further heuristics for coping with topological changes, has recently achieved impressive motions of shapes in
the course of the shape and topology optimization process, see [35, 34].

3.3. Level set methods for shape and topology optimization

The level set method is a general paradigm for tracking dramatic evolutions of domains or interfaces, which
may even feature topological changes. Since its inception in [86] in the context of curvature-driven interface
motion, it has proved to be a very efficient and robust framework for fluid simulations and image processing,
to name just a few applications. We outline the basic stakes of this method in Section 3.3.1, referring to
[62, 85, 93] for more exhaustive presentations. The use of this method in the context of shape optimization,
as an attempt to overcome the aforementioned meshing issues raised by the update of the shape, is then
discussed in the next Section 3.3.2.

3.3.1. A brief reminder about the level set method

Let D ⊂ Rd be a fixed computational domain. The level set method is a general philosophy whereby an
arbitrary shape Ω ⊂ D can be equivalently described as the negative subdomain of a scalar “level set”
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function φ : D → R, i.e.:

(3.2)





φ(x) < 0 if x ∈ Ω,
φ(x) = 0 if x ∈ ∂Ω,
φ(x) > 0 if x ∈ D \ Ω,

see Fig. 5 for an illustration.

a
b

Figure 5. (a) One shape Ω ⊂ R2; (b) graph of an associated level set function φ defined
on (a mesh of) a larger domain D.

This representation conveniently allows to reformulate the motion of a shape Ω(t) over a time period
(0, T ), with respect to a velocity field V (t, x), in terms of an associated level set function φ(t, ·) (i.e. (3.2)
holds at every time t > 0). Formally, the latter satisfies the following “advection-like” equation:

(3.3)

{
∂φ
∂t (t, x) + V (t, x) · ∇φ(t, x) = 0 for t ∈ (0, T ), x ∈ Rd,

φ(0, x) = φ0(x) for x ∈ Rd,
where φ0 is a level set function for the initial shape Ω(0). Hence, the intricate geometric evolution problem
of Ω(t) translates into the partial differential equation (3.3) on the fixed domain D.

From the practical vantage, the computational domain D is equipped with a fixed mesh T , for instance
a simplicial mesh, or a finite difference grid. The level set function φ(t, x) and the velocity field V (t, x)
are discretized in time and at the vertices of the mesh T . The evolution equation (3.3) can then be solved
efficiently thanks to an adapted numerical scheme, see for instance Section 4.3.

Remark 3.1. The above theoretical framework does not rely on any assumption about the nature of the
level set function φ chosen to represent the shape Ω ⊂ D. Although, in principle, any function satisfying
(3.2) could be used, it is well-known [33] that the numerical stability of the level set method is significantly
improved when φ is the signed distance function dΩ to Ω. The latter is defined by:

(3.4) dΩ(x) =




−d(x, ∂Ω) if x ∈ Ω,

0 if x ∈ ∂Ω,
d(x, ∂Ω) if x ∈ D \ Ω,

where

(3.5) d(x, ∂Ω) := min
p∈∂Ω

|x− p|

is the usual Euclidean distance from x to ∂Ω. Among others, dΩ enjoys the desirable “Eikonal” property,
whereby its gradient has unit norm wherever it is defined:

(3.6) |∇dΩ(x)| = 1 for a.e. x ∈ D,
which expresses a regular spacing of its level sets. Aside from its relevance in the context of the level set
method, the signed distance function dΩ enjoys multiple interesting properties related to the geometry of Ω.
Hence, the calculation of the signed distance function to a shape is a topic of interest on its own, see e.g.
[10] about the modeling of thickness constraints in shape optimization using distance functions.
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3.3.2. Application of the level set method to shape and topology optimization

The application of the level set method in the context of shape and topology optimization was originally
proposed in [94, 87, 11, 102]. It brings into play a computational domain D equipped with a fixed mesh
T (e.g. simplicial or Cartesian). At any time t, the shape Ω(t) ⊂ D is represented by a level set function
φ(t, ·) : D → R, discretized, e.g., at the vertices of T . The update of the shape between any two iterations
n, (n + 1) of the optimization process is efficiently achieved by solving the equation (3.3) for the evolution
of φ(t, x). In the present context, the velocity field V (t, x) is the descent direction θn(x) for the shape
optimization problem (2.2), which depends on the elastic displacement uΩn and the adjoint state pΩn .

The bottleneck of this approach lies in the calculation of uΩn and pΩn . Indeed, at a given iteration
n of the process (whose reference in notation is omitted for brevity), no mesh of Ω is available, as Ω is
solely known via the function φ, defined on (the mesh of) the larger domain D. One idea to conduct this
calculation leverages a so-called “fictitious domain approach”: the displacement uΩ is approximated by the
solution uε to an equation posed on the total domain D. In the present context of linear elasticity, where the
traction-free part of shapes is optimized, the void region D \ Ω is filled with a very soft “ersatz” material,
with Hooke’s law εA, ε� 1, so that an approximate counterpart to (2.1) is given by the following equation
posed on the fixed domain D:

(3.7)





−div(Aεe(uε)) = 0 in D,
uε = 0 on ΓD,

Aεe(uε)n = g on ΓN ,
Aεe(uε)n = 0 on Γ,

where Aε(x) =

{
A if x ∈ Ω,
εA if x ∈ D \ Ω.

see for instance [37] for a justification of this procedure. In practice, the tensor Aε is easily calculated from
the knowledge of the level set function φ for Ω.

In a different spirit, advanced finite element techniques, featuring enriched basis functions, have been
employed to ensure a more accurate approximation of the displacement uΩ in such a context where only
a fixed mesh of a large computational domain is available; see [50] about the use of the eXtended Finite
Element Method (XFEM) and [32] about that of the cut Finite Element Method (cutFEM). Let us point
out that both approaches to cope with the absence of a body-fitted mesh for Ω are intrusive, insofar as they
do not lend themselves to a black-box use of a commercial finite element solver.

A typical implementation of the level set method for the shape optimization problem (2.2) is sketched
in Algorithm 2. Note that we deliberately omit the details of Step (2), about the practical calculation of a
descent direction from the derivatives of the shape functionals at stake, as it will be the focus of the later
Section 4.6.

Algorithm 2 The level set method for shape and topology optimization.

Initialization:

• Mesh T of the computational domain D;
• Level set function φ0 : D → R representing the initial shape Ω0.

for n = 0, ..., until convergence do
(1) Calculate an approximate version of the elastic displacement uΩn and of the adjoint state pΩn

on T by solving the ersatz material problem (3.7).
(2) From the theoretical formulas for the shape derivatives J ′(Ω)(θ), G′(Ω)(θ) and H ′(Ω)(θ), infer

a descent direction θn : D → Rd for (2.2) according to the selected constrained optimization
algorithm.

(3) Solve the level set advection equation (3.3) on T with (time-independent) velocity V (t, x) =
θn(x), final time T = τn and initial datum φ0 = φn; a level set function φn+1 for the new shape
Ωn+1 is obtained.

end for
return Level set function φn for the optimized design Ωn.

Summarizing, the level set method conveniently alleviates meshing issues and allows to describe dramatic
evolutions of the optimized shape Ω, including changes in its topology. Unfortunately, it raises the issue
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of solving the mechanical equations posed on Ω: although the aforementioned fictitious domain approaches
(notably, the ersatz material method) and extended finite element methods work reasonably well in the
context of linear elasticity, corresponding strategies are not readily available in more challenging physical
contexts, such as that of fluid-structure interactions.

The level set based mesh evolution strategy, presented in the next section, is an increment over this level
set method for shape and topology optimization: it enjoys all the assets of the latter, and additionally
features an exact mesh of the shape at each stage of the process.

4. The level-set based mesh evolution method for shape and topology optimization

We now turn to the numerical framework introduced in [5, 6, 7] as an attempt to overcome the individual
difficulties posed by Lagrangian and level set methods when tracking the evolution of the shape during
the optimization process. To set ideas, the presentation unfolds in the structural optimization context of
Section 2.1, where one aims to solve a problem of the form (2.2). After sketching the main stages of the
method in Section 4.1, we overview its main ingredients in the subsequent sections.

4.1. General description of the method

As the name suggests, the level set based mesh evolution method at stake in this article combines the meshed
and level set representations of shapes discussed in Sections 3.2 and 3.3. Efficient algorithms make it possible
to switch from one to the other, so that the most convenient of them with respect to the ongoing operation
can be used.

Let D be a large “hold-all” domain containing all the considered shapes Ω. At each iteration n of the
process, D is endowed with a valid and conforming mesh T n, which is modified from one iteration to the
other so that the current shape Ωn is explicitly discretized. More precisely, T n is consistently made of two
complementary submeshes T nint, T next such that T nint is a valid, conforming mesh of Ωn and T next is a valid,

conforming mesh of the exterior part D \ Ωn. Thus, two descriptions of Ωn are available:

• A meshed representation. Ωn is explicitly represented by the submesh T nint of T n, see Fig. 6 (a).
• A level set representation. Ωn is implicitly defined by a level set function φn, defined on the whole

mesh T n of D, see Fig. 6 (b).

On the one hand, the meshed representation is handful when it comes to solving partial differential equations
on Ωn, such as that (2.1) for the elastic displacement uΩn ; on the other hand, the level set description is
adequate for conducting the update of the shape Ωn into the next iterate Ωn+1 in a robust way.

As we have mentioned, this strategy crucially hinges on efficient numerical methods for passing from one
of these descriptions to the other, and notably:

• An algorithm for generating one level set function φ : D → R for a shape Ω ⊂ D which is explicitly
discretized inside a mesh T of the computational domain D;

• An algorithm which assumes the datum of a level set function φ : D → R defined on a mesh T of D,

associated to a shape Ω ⊂ D, and creates a new mesh T̃ of D in which Ω is explicitly discretized.

This method is outlined in Algorithm 3 in the context of the model shape optimization problem of
Section 2. Its main steps are illustrated on Fig. 6; as they constitute operations of general interest, we
present them in a self-contained way in the next sections. The computation of the signed distance function
to a shape is discussed in Section 4.2, and the resolution of the level set advection equation is presented
in Section 4.3. The aspects of the method concerned with remeshing are addressed in Section 4.4; we then
broach the versatile Hilbertian extension and regularization procedure in Section 4.5, before finally describing
the numerical constrained optimization algorithm in Section 4.6.

Remark 4.1. Appealing features of this approach are its modularity and non intrusiveness: the aforemen-
tioned steps can be carried out with independent numerical codes. In particular, the resolution of the state
(and adjoint) equation for the elastic displacement does not demand any exotic treatment; it can be realized
with any solver, without entering into its implementation details.
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Algorithm 3 The level set based mesh evolution method.

Initialization: Mesh T 0 of the computational domain D, enclosing a mesh T 0
int of Ω0 as a submesh.

for n = 0, ..., until convergence do
(1) Calculate the signed distance function φn = dΩn to Ωn at the vertices of T n.
(2) Calculate the displacement uΩn and the adjoint state pΩn by solving the partial differential

equation (2.1) on the interior part T nint of T n.
(3) Use the Hilbertian procedure to calculate gradients θnJ , θnG and θnH for J(Ω), G(Ω) and H(Ω) at

Ω = Ωn on the whole mesh T n.
(4) Infer a descent direction θn on T n for (2.2) thanks to a constrained optimization algorithm.

(5) Choose a small enough time step τn and calculate a level set function φ̃n+1 for the new shape
Ωn+1 := (Id + τnθn)(Ωn) on the mesh T n by solving the level set evolution equation (3.3) over
(0, τn) with velocity field V (t, x) = θn(x) and initial condition φ0 = φn.

(6) Create a new mesh T n+1 of D where Ωn+1 is explicitly discretized, from the datum of the level

set function φ̃n+1 on T n.
end for
return Mesh T n of D where Ωn is discretized as a submesh T nint.

4.2. Calculation of the signed distance function

This section deals with the construction of one particular level set function φ for a shape Ω ⊂ D, namely the
signed distance function dΩ in (3.4), out of a meshed representation of the latter (Step (1) in Algorithm 3),
see the discussion in Remark 3.1.

Let the computational domain D be endowed with a simplicial mesh T and let Ω ⊂ D be a shape; we wish
to calculate the values φ(x) = dΩ(x) at all vertices x ∈ T . Note that in the shape optimization workflow
of Section 4.1, Ω is supplied as an explicit submesh Tint of T , but for the purpose of this section, it could
actually be given under a different format, for instance, via a proper mesh TΩ which is not necessarily a part
of T .

The numerical calculation of dΩ can be conducted in a variety of manners. “Geometric” algorithms
involve an exhaustive calculation of the distance d(x, ∂Ω) from x to ∂Ω at every vertex x of T , defined as
the minimum value featured in (3.5). Although this operation can be made efficient owing to a number of
heuristics – see e.g. [79, 100] and the references therein – we rather rely on “propagation algorithms”, which
comprise two steps:

(1) The function φ is initialized with (an approximation of) the exact value of dΩ at the vertices of
T which are “close” to ∂Ω (for instance, at the vertices of the simplices T ∈ T intersecting ∂Ω),
and with large, positive or negative values elsewhere. This stage is elementary; however, depending
on the input format and of the complexity of the geometry of Ω, it may prove tedious from the
implementation viewpoint, and time-consuming in practice, see e.g. [40].

(2) The calculation of the signed distance φ(x) = dΩ(x) is realized from the vertices x ∈ T closest
to ∂Ω to farther ones, by relying on a discretization of the Eikonal equation (3.6). This purpose is
greatly simplified when the computational mesh T is a Cartesian grid, since high-order finite different
schemes are available.

The most popular algorithm in this second category is certainly the fast marching method, see [92] for
an overview and [72] for an adaptation to the case where the computational mesh is simplicial; let us also
mention the fast sweeping method [104].

In the present work, we rely on an algorithm based on the properties of the so-called redistancing equation,
which is described in [40] and is available in the open-source library mshdist2.

4.3. Advection of the level set function

In this section, we turn to the numerical resolution of the equation (3.3) accounting for the evolution of the
shape.

2https://github.com/ISCDtoolbox/Mshdist
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Figure 6. Illustration of the main stages of the mesh evolution method sketched in Sec-
tion 4.1. (a) Mesh T n of the computational domain D; the submesh T nint of Ωn consists of

the black elements, and that T next of D \ Ωn is made of the white elements; (b) isovalues of
the signed distance function φn to Ωn, calculated on T n; (c) solution uΩn to the elasticity
system on the mesh T nint of Ωn; (d) descent direction θn on the whole mesh T n; (e) level

set function φ̃n+1 on the mesh T n; the 0 level set of φ̃n+1 is depicted in red; (f) new mesh
T n+1 with the new shape Ωn+1 enclosed as the submesh T n+1

int (made of the black elements).

The generic situation, occurring at each iteration n of the process described in Section 4.1, is the following:
a level set function φ = φn : D → R accounting for the current shape Ω = Ωn is supplied via its values at
the vertices of a simplicial mesh T = T n of the computational domain D. Analogously, the velocity field
V : D → Rd driving the evolution of the shape, which is the descent direction θn at the current iteration, is
supplied at the vertices of T . We aim to compute the solution ψ(t, x) to the following advection equation:

(4.1)

{
∂ψ
∂t (t, x) + V (x) · ∇ψ(t, x) = 0 for t ∈ (0, T ), x ∈ D,

ψ(0, x) = φ(x) for x ∈ D,

and notably its values ψ(T, x) at the final time t = T , which stands for the time step τn.
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Numerical methods for the resolution of (4.1) are manifold when the computational support is a Cartesian
grid, which allows for the use of high-order finite difference methods. This issue is however a little less
classical and deserves a few comments in our context where it is a simplicial mesh. We rely on the method
of characteristics proposed in [90], which is close in spirit to the semi-Lagrangian scheme developed in [97];
see alternatively [52] about the use of discontinuous Galerkin methods, and [1, 21] for the construction of
numerical schemes for more general Hamilton-Jacobi equations on simplicial meshes.

The method of characteristics is based on the analytical formula for the solution to (4.1). The latter is
expressed in terms of the characteristic curves t 7→ X(t, t0, x) of the velocity field V (x), emerging from an
arbitrary point x ∈ D at a time t0, defined as the solution to the ordinary differential equation:

(4.2)

{
d
dtX(t, t0, x) = V (X(t, t0, x)) for t ∈ R,

X(t0, t0, x) = x.

Intuitively, t 7→ X(t, t0, x) is the trajectory of a particle located in x at time t = t0, which is transported
according to the velocity field V (x). The exact solution to (4.1) is then given by:

(4.3) ∀t ∈ (0, T ), x ∈ D, ψ(t, x) = φ(X(0, t, x)),

which expresses the natural fact that the value of ψ at time t and point x is the value of the initial datum
φ at the initial position X(0, t, x) of the particle lying in x at time t.

One simple means to exploit the closed-form formula (4.3) is to directly discretize it: for each vertex x ∈ T ,
the ordinary differential equation (4.2) is solved for the “backward” characteristic curve t 7→ X(t, T, x), for
instance by a Runge-Kutta 4 scheme; φ is then evaluated at the “foot” X(0, T, x) of this characteristic line.

Remark 4.2. In practice, it happens that the origin X(0, T, x) of the characteristic curve passing through x
at t = T lie outside D. Mathematically, the equation (4.1) is ill-posed in this case, since the velocity field V (x)
is pointing inward D on at least one portion of the boundary ∂D. In such a case, it is customary to endow
ψ(T, x) with a consistent value by extrapolating the value of φ (and the characteristic curve t 7→ X(t, T, x))
outside D.

An open-source implementation of this algorithm is proposed in the advection3 code.

4.4. Using remeshing to pass from a level set to a meshed representation of a shape

This section is devoted to the delicate operation of passing from a level set to a meshed representation of a
shape Ω, which is Step (6) in Algorithm 3. Let us consider the following generic situation: the computational
domain D is equipped with a simplicial mesh T , and a level set function φ : D → R for a shape Ω ⊂ D is

provided via its values at the vertices of T ; we aim to construct a new mesh T̃ of D in which Ω appears as
a submesh, see Section 4.1.

This task is achieved in two steps:

(1) The 0 level set of φ is explicitly discretized into T . This crude procedure yields a valid, conforming
mesh Ttemp of D, in which Ω exists as a submesh; unfortunately, Ttemp has poor finite element quality,
and the interior submesh is a poor geometric approximation of the shape Ω; see Fig. 7 (b).

(2) Local remeshing operations are applied to modify Ttemp into a new, high-quality mesh T̃ of D in
which Ω is still explicitly discretized, see Fig. 7 (c).

These two steps are presented with a little more details in the next Sections 4.4.1 and 4.4.2, respectively.
They are implemented in the general purpose open-source library mmg4 devoted to simplicial remeshing; we
refer to [39] for a more exhaustive presentation of the latter, and to [18] for recent developments on the
subject.

Throughout the rest of this section, for notational simplicity, the mesh of D will be systematically denoted
by T , although it is constantly subject to modifications.

3https://github.com/ISCDtoolbox/Advection
4https://github.com/MmgTools/mmg
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a b c

Figure 7. (a) Isovalues of a level set function discretized at the vertices of a mesh T of a
computational domain D; (b) Ill-shaped mesh Ttemp resulting from the rough discretization

of the 0 level set of φ into T ; (c) High-quality mesh T̃ obtained from Ttemp by remeshing.

4.4.1. Explicit discretization of the 0 level set of φ in the mesh T
From a simplicial mesh T of D and a level set function φ : D → R for a subdomain Ω ⊂ D, supplied at the
vertices of T , we aim to construct a new, valid but possibly ill-shaped mesh of D in which Ω is explicitly
discretized.

To achieve this, we rely on a simplicial variant of the well-known marching cubes algorithm [78], namely
the marching triangles (in 2d) or tetrahedra (in 3d) algorithm [48]. Briefly, we first identify all the elements
T ∈ T which intersect the 0 level set of φ, by looking at the signs of φ at their vertices. After linear
interpolation of φ inside any of these elements T , the intersection ∂Ω∩T is a portion of line (in 2d) or plane
(in 3d) which is completely determined by the values of φ at the vertices of T . Then, using a pre-defined
pattern, T is split into several sub-triangles (in 2d) or sub-tetrahedra (in 3d), so that ∂Ω ∩ T explicitly
appears in the resulting mesh, see Fig. 8.

The mesh T resulting from this rough operation is valid, conforming, and it encloses two submeshes Tint

and Text of Ω and D \ Ω, respectively. Unfortunately, it generally contains elements with very bad quality,
and it accounts for a poor geometric approximation of ∂Ω.

4.4.2. Improvement of the quality of T by local remeshing operations

The algorithm of the previous section has produced a valid and conforming mesh T of the domain D, in
which the considered shape Ω ⊂ D explicitly appears as a submesh. Unfortunately, T has bad quality, in
both senses introduced in Section 3.1: it contains nearly degenerate elements, and it accounts for a poor
geometric approximation of the boundary of D and of its internal interfaces, in particular of the boundary ∂Ω
of the shape, see again Fig. 7 (b). We wish to modify T by repeatedly applying local remeshing operations,
so as to improve both features. The presentation of this section focuses on the case of three space dimensions,
since it contains numerous specificities, and it is on any aspect more involved than its 2d counterpart.

One immediate issue posed by the desire to better approximate the domains D and Ω is that no continuous
description is provided: the only available information about D or Ω is the supplied discrete mesh T itself.
To cope with this difficulty, we first reconstruct local geometric information about D and Ω from the discrete
datum of T ; this information will be updated throughout the remeshing process. More precisely, normal
vectors n(x) are calculated at the vertices x of the surface mesh ST , for instance as weighted sums of the
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Figure 8. (a) One pattern for splitting a triangle, based on the values of φ at its vertices (φ
is positive at the red vertex, negative at the blue ones); (b) one possible pattern for splitting
a tetrahedron.
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<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•

<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•
<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•
<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>• <latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•

<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•
<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•

<latexit sha1_base64="bm6sy5WwPLAo3jPhGg6klSObY+U=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOcs91ZoNqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoePJQ==</latexit>

b210

<latexit sha1_base64="I+7wOwlktnoWdbA4B/7wYesyRzo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOctdzZoNqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoaPJQ==</latexit>

b120
<latexit sha1_base64="k0x8rnwlU1a7M8ipwpdPns5hYxs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOcs9xZ4NqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoaPJQ==</latexit>

b201

<latexit sha1_base64="ID3RRLJQe9oE0NlnX0N88+CU54k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOctfxZoNqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoSPJQ==</latexit>

b102

<latexit sha1_base64="Pk17oWUQ6PyLBuZyQ/igrG/JnK0=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgadkNq+YY8OIxgnlAsoTZyWwyZHZ2mJkVwpKP8OJBEa9+jzf/xskL1FjQUFR1090VSc608bwvp7CxubW9U9wt7e0fHB6Vj09aOs0UoU2S8lR1IqwpZ4I2DTOcdqSiOIk4bUfj25nffqRKs1Q8mImkYYKHgsWMYGOldtTPfd+f9ssVz/XmQJ5bDWrVqxryV8qKVGCJRr/82RukJEuoMIRjrbu+J02YY2UY4XRa6mWaSkzGeEi7lgqcUB3m83On6MIqAxSnypYwaK7+nMhxovUkiWxngs1I//Vm4n9eNzNxLcyZkJmhgiwWxRlHJkWz39GAKUoMn1iCiWL2VkRGWGFibEIlG8Lay+ukVXX9aze4Dyr1YBlHEc7gHC7Bhxuowx00oAkExvAEL/DqSOfZeXPeF60FZzlzCr/gfHwDuoWPJQ==</latexit>

b111
<latexit sha1_base64="kvgD1+N7mK9AsE8+VBTX3EFtqgQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOcsf1ZoNqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoOPJQ==</latexit>

b012

<latexit sha1_base64="nxcpjx/KPmH49YH4ep2CYhEvhRo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hC1B4LXjxWsB/QhrLZbtqlm03Y3Qgl9Ed48aCIV3+PN/+N2zYFtT4YeLw3w8y8MOVMacf5skobm1vbO+Xdyt7+weFR9fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wcjv3O49UKpaIBz1NaRDjkWARI1gbqRMOcsdzZ4NqzbGdBZBje37du6ojd6WsSA0KNAfVz/4wIVlMhSYcK9VznVQHOZaaEU5nlX6maIrJBI9oz1CBY6qCfHHuDF0YZYiiRJoSGi3UnxM5jpWaxqHpjLEeq7/eXPzP62U6qgc5E2mmqSDLRVHGkU7Q/Hc0ZJISzaeGYCKZuRWRMZaYaJNQxYSw9vI6aXu2e237936t4RdxlOEMzuESXLiBBtxBE1pAYAJP8AKvVmo9W2/W+7K1ZBUzp/AL1sc3uoSPJQ==</latexit>

b021

<latexit sha1_base64="KPGvQn3spMOlme1VbNsCFAhF3kA=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeCF48V+gVpKJvNpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAU34LrfTmljc2t7p7xb2ds/ODyqHp90jco0ZR2qhNL9kBgmuGQd4CBYP9WMJKFgvXByN/d7j0wbrmQbpikLEjKSPOaUgJX8wROP2JhA3p4NqzW37i6A14lXkBoq0BpWvwaRolnCJFBBjPE9N4UgJxo4FWxWGWSGpYROyIj5lkqSMBPki5Nn+MIqEY6VtiUBL9TfEzlJjJkmoe1MCIzNqjcX//P8DOLbIOcyzYBJulwUZwKDwvP/ccQ1oyCmlhCqub0V0zHRhIJNqWJD8FZfXifdq7p3XW88NGrNRhFHGZ2hc3SJPHSDmugetVAHUaTQM3pFbw44L86787FsLTnFzCn6A+fzB55ekXE=</latexit> bT

<latexit sha1_base64="4yKUHOfEQ8PHDiFiMe+2Y1PMxcQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGFfkEbymY7adduNmF3I5TQX+DFgyJe/Une/Ddu2xy09cHA470ZZuYFieDauO63s7G5tb2zW9gr7h8cHh2XTk7bOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY9k00wT9iI4kDzmjxkqN5qBUdivuAmSdeDkpQ476oPTVH8YsjVAaJqjWPc9NjJ9RZTgTOCv2U40JZRM6wp6lkkao/Wxx6IxcWmVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE975GZdJalCy5aIwFcTEZP41GXKFzIipJZQpbm8lbEwVZcZmU7QheKsvr5P2dcW7qVQb1XKtmsdRgHO4gCvw4BZq8AB1aAEDhGd4hTfn0Xlx3p2PZeuGk8+cwR84nz+uYYzT</latexit>

T

<latexit sha1_base64="x96GdYUqNfghTRHn9RI8nOOMcVY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMS1GPAi8cEzQLJEHo6NUmbnp6hu0cIQ77AiwdFvPpJ3vwbO4sQtwcFj/eqqKoXJIJr47ofTm5ldW19I79Z2Nre2d0r7h80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mvqte1Sax/LWjBP0IzqQPOSMGivVb3rFkld2ZyDuL/JllWCBWq/43u3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFilT8JY2ZKGzNTliYxGWo+jwHZG1Az1T28q/uV1UhNe+hmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlNYDuF/0jwre+flSr1SqlYWceThCI7hFDy4gCpcQw0awADhAZ7g2blzHp0X53XemnMWM4fwDc7bJ65djNM=</latexit>

S

<latexit sha1_base64="CxthKak9Za1kdLQdPGPzJqFHUIc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhsw9meoWw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nd3G8/oTYyjh5pmqAf8lEkh1JwslK7F6RKIfXLFbfqLsDWiZeTCuRo9MtfvUEs0hAjEoob0/XchPyMa5JC4azUSw0mXEz4CLuWRjxE42eLc2fswioDNoy1rYjYQv09kfHQmGkY2M6Q09isenPxP6+b0vDWz2SUpISRWC4apopRzOa/s4HUKEhNLeFCS3srE2OuuSCbUMmG4K2+vE5aV1Xvulp7qFXqtTyOIpzBOVyCBzdQh3toQBMETOAZXuHNSZwX5935WLYWnHzmFP7A+fwBdsmPnw==</latexit>•

<latexit sha1_base64="CxthKak9Za1kdLQdPGPzJqFHUIc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhsw9meoWw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nd3G8/oTYyjh5pmqAf8lEkh1JwslK7F6RKIfXLFbfqLsDWiZeTCuRo9MtfvUEs0hAjEoob0/XchPyMa5JC4azUSw0mXEz4CLuWRjxE42eLc2fswioDNoy1rYjYQv09kfHQmGkY2M6Q09isenPxP6+b0vDWz2SUpISRWC4apopRzOa/s4HUKEhNLeFCS3srE2OuuSCbUMmG4K2+vE5aV1Xvulp7qFXqtTyOIpzBOVyCBzdQh3toQBMETOAZXuHNSZwX5935WLYWnHzmFP7A+fwBdsmPnw==</latexit>• <latexit sha1_base64="CxthKak9Za1kdLQdPGPzJqFHUIc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmAckS5iddJIhsw9meoWw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruCRElDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKkW2BSxinUn4AaVjLBJkhR2Eo08DBS2g8nd3G8/oTYyjh5pmqAf8lEkh1JwslK7F6RKIfXLFbfqLsDWiZeTCuRo9MtfvUEs0hAjEoob0/XchPyMa5JC4azUSw0mXEz4CLuWRjxE42eLc2fswioDNoy1rYjYQv09kfHQmGkY2M6Q09isenPxP6+b0vDWz2SUpISRWC4apopRzOa/s4HUKEhNLeFCS3srE2OuuSCbUMmG4K2+vE5aV1Xvulp7qFXqtTyOIpzBOVyCBzdQh3toQBMETOAZXuHNSZwX5935WLYWnHzmFP7A+fwBdsmPnw==</latexit>•
<latexit sha1_base64="JOIkVDZmV226D0VKuxUabpYpxF0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJIUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW9dC96pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqaV5Vvetq7aFWrtfyOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABN3jYQ=</latexit>

(0, 0)
<latexit sha1_base64="pPzaH3Ug1IXQQ8rbPECGeg4vGFI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJIUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW99C56pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqaV5Vvetq7aFWrtfyOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABT8jYU=</latexit>

(0, 1)

<latexit sha1_base64="DoGEGeMVtkWwI7ox1H2sL4fHqF8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJUkJJIUY8FLx4rmLbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dtbWNza3tgs7xd29/YPD0tFx0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWO7mZ+64lrIxL1iOOUBzEdKBEJRtFKfsW7dC96pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj22AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqaV5Vvetq7aFWrtfyOApwCmdQAQ9uoA730AAfGAh4hld4c5Tz4rw7H4vWNSefOYE/cD5/ABT+jYU=</latexit>

(1, 0)

<latexit sha1_base64="m8g1HTUPN3CUgs31VW3WzcEQfMk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5q9w0bCTwoV/yqvwBaJ0FOKpCjOSh/9YeKpIJKSzg2phf4iQ0zrC0jnM5K/dTQBJMJHtGeoxILasJsce0MXThliGKlXUmLFurviQwLY6Yicp0C27FZ9ebif14vtfFNmDGZpJZKslwUpxxZheavoyHTlFg+dQQTzdytiIyxxsS6gEouhGD15XXSvqoG9WrtvlZp1PI4inAG53AJAVxDA+6gCS0g8AjP8ApvnvJevHfvY9la8PKZU/gD7/MHmxePHg==</latexit>� <latexit sha1_base64="rFC6LAsXte85nQPyNBrbBlolnOI=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnGwixFdBQ1HVTXdXkAiujet+OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4aua371FpHss7M0nQj+hQ8pAzaqx0K/tuv1zxqm4O4v4iX1YFFmj0y++9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz/JTp+TEKgMSxsqWNCRXlycyGmk9iQLbGVEz0j+9mfiX101NeOlnXCapQcnmi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOaTmE/0nrrOqdV2s3tUq9toijCEdwDKfgwQXU4Roa0AQGQ3iAJ3h2hPPovDiv89aCs5g5hG9w3j4B+xmNkQ==</latexit>n0

<latexit sha1_base64="cqfP1weItEVDtPx2hIfFzkS1gUk=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnGwixFdBQ1HVTXdXkAiujet+OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4aua371FpHss7M0nQj+hQ8pAzaqx0K/tev1zxqm4O4v4iX1YFFmj0y++9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz/JTp+TEKgMSxsqWNCRXlycyGmk9iQLbGVEz0j+9mfiX101NeOlnXCapQcnmi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOaTmE/0nrrOqdV2s3tUrdW8RRhCM4hlPw4ALqcA0NaAKDITzAEzw7wnl0XpzXeWvBWcwcwjc4b5/7to2P</latexit>n1

<latexit sha1_base64="ga5S8wOi7BCezl4831MKJUS0i/0=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4CjMhRI8BLx4jmgWSIfR0epImPT1Dd40QhnyCFw+KePWLvPk3dhYhbg8KHu9VUVUvSKQw6LofTm5tfWNzK79d2Nnd2z8oHh61TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjq5nfvufaiFjd4SThfkSHSoSCUbTSrepX+sWSV3bnIO4v8mWVYIlGv/jeG8QsjbhCJqkxXc9N0M+oRsEknxZ6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq6sTGY2MmUSB7YwojsxPbyb+5XVTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0Cqsh/E9albJXK1dvqqW6t4wjDydwCufgwQXU4Roa0AQGQ3iAJ3h2pPPovDivi9acs5w5hm9w3j4B/TqNkA==</latexit>n2

a

<latexit sha1_base64="J442kpfx70emx970JbW7/REhsUs=">AAAB7nicdVDJSgNBEK1xjXGLevQyGARPYUaCegx48RjBLJAMoadTkzTp6Rm6a4Qw5CO8eFDEq9/jzb+xswhxe1DweK+KqnphKoUhz/twVlbX1jc2C1vF7Z3dvf3SwWHTJJnm2OCJTHQ7ZAalUNggQRLbqUYWhxJb4eh66rfuURuRqDsapxjEbKBEJDgjK7W6YSYlUq9U9iveDK73i3xZZVig3iu9d/sJz2JUxCUzpuN7KQU50yS4xEmxmxlMGR+xAXYsVSxGE+SzcyfuqVX6bpRoW4rcmbo8kbPYmHEc2s6Y0dD89KbiX14no+gqyIVKM0LF54uiTLqUuNPf3b7QyEmOLWFcC3ury4dMM042oeJyCP+T5nnFv6hUb6vlWnURRwGO4QTOwIdLqMEN1KEBHEbwAE/w7KTOo/PivM5bV5zFzBF8g/P2CXhJj6A=</latexit>•

<latexit sha1_base64="J442kpfx70emx970JbW7/REhsUs=">AAAB7nicdVDJSgNBEK1xjXGLevQyGARPYUaCegx48RjBLJAMoadTkzTp6Rm6a4Qw5CO8eFDEq9/jzb+xswhxe1DweK+KqnphKoUhz/twVlbX1jc2C1vF7Z3dvf3SwWHTJJnm2OCJTHQ7ZAalUNggQRLbqUYWhxJb4eh66rfuURuRqDsapxjEbKBEJDgjK7W6YSYlUq9U9iveDK73i3xZZVig3iu9d/sJz2JUxCUzpuN7KQU50yS4xEmxmxlMGR+xAXYsVSxGE+SzcyfuqVX6bpRoW4rcmbo8kbPYmHEc2s6Y0dD89KbiX14no+gqyIVKM0LF54uiTLqUuNPf3b7QyEmOLWFcC3ury4dMM042oeJyCP+T5nnFv6hUb6vlWnURRwGO4QTOwIdLqMEN1KEBHEbwAE/w7KTOo/PivM5bV5zFzBF8g/P2CXhJj6A=</latexit>•
<latexit sha1_base64="J442kpfx70emx970JbW7/REhsUs=">AAAB7nicdVDJSgNBEK1xjXGLevQyGARPYUaCegx48RjBLJAMoadTkzTp6Rm6a4Qw5CO8eFDEq9/jzb+xswhxe1DweK+KqnphKoUhz/twVlbX1jc2C1vF7Z3dvf3SwWHTJJnm2OCJTHQ7ZAalUNggQRLbqUYWhxJb4eh66rfuURuRqDsapxjEbKBEJDgjK7W6YSYlUq9U9iveDK73i3xZZVig3iu9d/sJz2JUxCUzpuN7KQU50yS4xEmxmxlMGR+xAXYsVSxGE+SzcyfuqVX6bpRoW4rcmbo8kbPYmHEc2s6Y0dD89KbiX14no+gqyIVKM0LF54uiTLqUuNPf3b7QyEmOLWFcC3ury4dMM042oeJyCP+T5nnFv6hUb6vlWnURRwGO4QTOwIdLqMEN1KEBHEbwAE/w7KTOo/PivM5bV5zFzBF8g/P2CXhJj6A=</latexit>•

<latexit sha1_base64="XRfTv602uzIy8X1uj6LhItdyHKE=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmgckS+idzCZDZmeXmVkhLPkELx4U8eoXefNvnGwixFdBQ1HVTXdXkAiujet+OIWV1bX1jeJmaWt7Z3evvH/Q0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mr2Z++54pzWN5ZyYJ8yMcSh5yisZKt9h3++WKV3VzEPcX+bIqsECjX37vDWKaRkwaKlDrrucmxs9QGU4Fm5Z6qWYJ0jEOWddSiRHTfpafOiUnVhmQMFa2pCG5ujyRYaT1JApsZ4RmpH96M/Evr5ua8NLPuExSwySdLwpTQUxMZn+TAVeMGjGxBKni9lZCR6iQGptOaTmE/0nrrOqdV2s3tUq9toijCEdwDKfgwQXU4Roa0AQKQ3iAJ3h2hPPovDiv89aCs5g5hG9w3j4B50uNhA==</latexit>a0

<latexit sha1_base64="wa+U4vCxeCEkTv5Ta1DnVKdYuHg=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnGwixFdBQ1HVTXdXkAiujet+OIWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4aua371FpHss7M0nQj+hQ8pAzaqx0S/tev1zxqm4O4v4iX1YFFmj0y++9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz/JTp+TEKgMSxsqWNCRXlycyGmk9iQLbGVEz0j+9mfiX101NeOlnXCapQcnmi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOaTmE/0nrrOqdV2s3tUq9toijCEdwDKfgwQXU4Roa0AQGQ3iAJ3h2hPPovDiv89aCs5g5hG9w3j4B6M+NhQ==</latexit>a1

<latexit sha1_base64="x02PMqXoTedb7NKBob66LgpdPIY=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4CjMhRI8BLx4jmgWSIdR0epImPT1Dd48QhnyCFw+KePWLvPk3dhYhbg8KHu9VUVUvSATXxnU/nNza+sbmVn67sLO7t39QPDxq6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GVzO/fc+U5rG8M5OE+REOJQ85RWOlW+xX+sWSV3bnIO4v8mWVYIlGv/jeG8Q0jZg0VKDWXc9NjJ+hMpwKNi30Us0SpGMcsq6lEiOm/Wx+6pScWWVAwljZkobM1dWJDCOtJ1FgOyM0I/3Tm4l/ed3UhJd+xmWSGibpYlGYCmJiMvubDLhi1IiJJUgVt7cSOkKF1Nh0Cqsh/E9albJXK1dvqqV6dRlHHk7gFM7BgwuowzU0oAkUhvAAT/DsCOfReXFeF605ZzlzDN/gvH0C6lONhg==</latexit>a2

<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•

<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•
<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•
<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>• <latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•

<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•
<latexit sha1_base64="SA+bx4KfoOZRByBTNwy92z/Jiio=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4GmbCqDkGvHiMYBZIhtDTqUma9Cx09whhyEd48aCIV7/Hm39jZwM1Pih4vFdFVb0gFVxpx/myChubW9s7xd3S3v7B4VH5+KSlkkwybLJEJLITUIWCx9jUXAvspBJpFAhsB+Pbmd9+RKl4Ej/oSYp+RIcxDzmj2kjtXpAJgbpfrji2Mwdx7KpXq17ViLtSVqQCSzT65c/eIGFZhLFmgirVdZ1U+zmVmjOB01IvU5hSNqZD7Boa0wiVn8/PnZILowxImEhTsSZz9edETiOlJlFgOiOqR+qvNxP/87qZDmt+zuM00xizxaIwE0QnZPY7GXCJTIuJIZRJbm4lbEQlZdokVDIhrL28TlpV2722vXuvUveWcRThDM7hEly4gTrcQQOawGAMT/ACr1ZqPVtv1vuitWAtZ07hF6yPb6Iij70=</latexit>•

<latexit sha1_base64="4yKUHOfEQ8PHDiFiMe+2Y1PMxcQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGFfkEbymY7adduNmF3I5TQX+DFgyJe/Une/Ddu2xy09cHA470ZZuYFieDauO63s7G5tb2zW9gr7h8cHh2XTk7bOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY9k00wT9iI4kDzmjxkqN5qBUdivuAmSdeDkpQ476oPTVH8YsjVAaJqjWPc9NjJ9RZTgTOCv2U40JZRM6wp6lkkao/Wxx6IxcWmVIwljZkoYs1N8TGY20nkaB7YyoGetVby7+5/VSE975GZdJalCy5aIwFcTEZP41GXKFzIipJZQpbm8lbEwVZcZmU7QheKsvr5P2dcW7qVQb1XKtmsdRgHO4gCvw4BZq8AB1aAEDhGd4hTfn0Xlx3p2PZeuGk8+cwR84nz+uYYzT</latexit>

T

<latexit sha1_base64="x96GdYUqNfghTRHn9RI8nOOMcVY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4CjMS1GPAi8cEzQLJEHo6NUmbnp6hu0cIQ77AiwdFvPpJ3vwbO4sQtwcFj/eqqKoXJIJr47ofTm5ldW19I79Z2Nre2d0r7h80dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mvqte1Sax/LWjBP0IzqQPOSMGivVb3rFkld2ZyDuL/JllWCBWq/43u3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFilT8JY2ZKGzNTliYxGWo+jwHZG1Az1T28q/uV1UhNe+hmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlNYDuF/0jwre+flSr1SqlYWceThCI7hFDy4gCpcQw0awADhAZ7g2blzHp0X53XemnMWM4fwDc7bJ65djNM=</latexit>

S
<latexit sha1_base64="64NOZ/NhslkKqf/1zFqU71egHYA=">AAAB+XicbVDLSgMxFM34rPU16tJNsAgVpMxIUZcFN11W7AvasWQyaRuaSUKSKZahf+LGhSJu/RN3/o1pOwttPXDhcM693HtPKBnVxvO+nbX1jc2t7dxOfndv/+DQPTpuapEoTBpYMKHaIdKEUU4ahhpG2lIRFIeMtMLR3cxvjYnSVPC6mUgSxGjAaZ9iZKzUc90uklKJJxg9Vov1y4eLnlvwSt4ccJX4GSmADLWe+9WNBE5iwg1mSOuO70kTpEgZihmZ5ruJJhLhERqQjqUcxUQH6fzyKTy3SgT7QtniBs7V3xMpirWexKHtjJEZ6mVvJv7ndRLTvw1SymViCMeLRf2EQSPgLAYYUUWwYRNLEFbU3grxECmEjQ0rb0Pwl19eJc2rkn9dKt+XC5VyFkcOnIIzUAQ+uAEVUAU10AAYjMEzeAVvTuq8OO/Ox6J1zclmTsAfOJ8/+W6Sig==</latexit>
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Figure 9. (a) Creation of a cubic Bézier patch for the region of ∂Ω associated to a surface
triangle T ∈ ST ; (b) measurement of the gap between the continuous and discrete domains
from this local patch.

normal vectors to the nearby surface triangles. Besides, remarkable geometric entities such as sharp edges
and corner points are identified. This information allows to infer a piece of the “ideal” continuous surface

∂D or ∂Ω associated to a given surface triangle T ∈ ST : a cubic Bézier parametrization σ : T̂ → R3 (defined

on the reference simplex T̂ ⊂ R2) is calculated, which passes through the three vertices a0, a1, a2 of T and
fits the attached normal vectors n0, n1, n2, see Fig. 9 (a). This local continuous model is helpful for a variety
of purposes, in particular when it comes to measuring “how far” T stands from the continuous domains D
and Ω, as depicted in Fig. 9 (b).

Another key component of the remeshing strategy is the construction and the use of a size map h : D → R,
which encodes at each vertex x ∈ T the desired size for edges surrounding x. This value is calculated from
user-defined requirements, such as lower and upper bounds for the size of edges in T , or a more detailed local
size prescription stemming from a priori or a posteriori error estimates related to the finite element method.
Additionally, when x is a surface vertex, the calculation of h(x) has to take into account the needed local
size to comply with the geometric approximation requirements.
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The remeshing procedure then starts, properly speaking. The elements of T are travelled repeatedly; the
action of four local remeshing operators is simulated, and their outcome is effectively retained if it shows
an improved mesh quality. These operators are quite commonly used in remeshing practice; their action is
exemplified on Fig. 10 in the case of two space dimensions, and it can be summarized as follows:

• Edge split. When an edge pq in the mesh is “too long” (with respect to the size map h), it is split into
two edges pm and qm after introduction of a new point m in T ; the tetrahedra that were formerly
in the shell of pq – i.e. that were sharing pq as an edge – are appropriately reconnected.

• Edge collapse. When an edge pq is “too short”, q is merged with p; the tetrahedra in the shell of pq
are suppressed, and the other elements formerly connected to q are suitably updated.

• Edge swap. One edge pq in the mesh is suppressed and the elements in the shell of pq are reconnected
so that the mesh remains valid and conforming.

• Vertex relocation. One vertex p of the mesh is assigned to a new position, while all the mesh
connectivities are unaltered.

Each operator exists under two versions, dedicated to surface and internal configurations, respectively.
For instance, when a boundary edge pq is split, the new vertex m ought to be inserted directly on the curved
segment on ∂D or ∂Ω which is associated to pq via the local surface model σ discussed above; on the contrary,
when pq is an internal edge of T , m is simply introduced at the center of pq.

4.5. Extension - regularization of shape derivatives via the Hilbertian method

The shape derivatives J ′(Ω)(θ), G′(Ω)(θ) and H ′(Ω)(θ) of the objective and constraint functions J(Ω), G(Ω)
and H(Ω) are continuous linear forms on W 1,∞(Rd,Rd), which is a Banach space. The nature and structure
of these derivatives do not lend themselves to a simple numerical treatment.

This fact is conveniently illustrated by the unconstrained shape optimization problem (2.6). As we have
mentioned, when the shape derivative of J(Ω) is known under the structure (2.11), a descent direction
is immediately revealed as θ = −vΩn, see (2.12). However appealing, this choice is awkward, since this
formula only characterizes the values of θ on the boundary ∂Ω, while we have seen that for a variey of
purposes, including the practice of Lagrangian mesh update strategies as in Section 3.2, or that of the level
set method described in Section 3.3, θ ought to be “adequately” defined on the total computational domain
D. Moreover, in practice, the choice (2.12) results in a descent direction which lacks smoothness; this often
causes the shape to develop numerical artifacts in the course of the optimization, see [80] for a discussion
about this feature.

Returning to the treatment of a general problem of the form (2.2), many efficient infinite-dimensional
optimization algorithms leverage a Hilbertian structure when it comes to calculating descent directions, see
for instance the algorithm described in the next Section 4.6.

One handful practice to circumvent these difficulties, with countless additional benefits, is the so-called
Hilbertian extension and regularization method, which consists in endowing the space of deformations θ with
the structure of a Hilbert space, composed of vector fields obeying certain user-specified properties, such as
their smoothness, their domain of definition, or imposed values on particular regions of space (e.g. θ = 0
where shapes are not subject to optimization). We refer to [16, 31, 43] about this idea, see also [8] for a
summary.

The key idea is to introduce a Hilbert space V , with inner product a(·, ·), which is continuously embedded
in W 1,∞(Rd,Rd). Thus, the derivative J ′(Ω)(θ) of a function of the domain J(Ω) induces a continuous
linear form on V ; according to the Riesz representation theorem, we may represent the latter by the element
θJ ∈ V defined by:

(4.4) ∀w ∈ V, a(θJ , w) = J ′(Ω)(w).

This element θJ ∈ V is the gradient associated to the derivative θ 7→ J ′(Ω)(θ) via the inner product a(·, ·).
As expected, −θJ is a descent direction for J(Ω) since

J ′(Ω)(−θJ) = −a(θJ , θJ) ≤ 0,

where the latter quantity vanishes if and only if Ω is already a critical shape for J(Ω).
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<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>• <latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•
<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•
<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

a

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•
<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q
<latexit sha1_base64="dFR+TB5DiXFhxaxZHUQSG7yJV6I=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8yLIJUXMMePEYwTwgWcLsZDYZMju7zPQKYclHePGgiFe/x5t/4+QFaixoKKq66e4KEikMet6Xs7a+sbm1ndvJ7+7tHxwWjo6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXJtRKwecJxwP6IDJULBKFqp1Q1SKTn2CkXP9WYgnluuVMtXVVJaKktShAXqvcJntx+zNOIKmaTGdEpegn5GNQom+STfTQ1PKBvRAe9YqmjEjZ/Nzp2Qc6v0SRhrWwrJTP05kdHImHEU2M6I4tD89abif14nxbDqZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmlLchrLy8Spplt3TtVu4rxdrlIo4cnMIZXEAJbqAGd1CHBjAYwRO8wKuTOM/Om/M+b11zFjMn8AvOxzefuo+1</latexit>•

<latexit sha1_base64="eTI1PohgiFT2cERwQDNVPan4Egw=">AAAB6HicbVDLSgNBEJz1GeMr6tHLYBA8yLIbouYY8OIxAfOAZAmzk95kzMzsMjMrhCVf4MWDIl79JG/+jZMXqLGgoajqprsrTDjTxvO+nLX1jc2t7dxOfndv/+CwcHTc1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB0O/Vbj6A0i+W9GScQCDKQLGKUGCvVRa9Q9FxvBuy5pXKldFXB/lJZkiJaoNYrfHb7MU0FSEM50brje4kJMqIMoxwm+W6qISF0RAbQsVQSATrIZodO8LlV+jiKlS1p8Ez9OZERofVYhLZTEDPUf72p+J/XSU1UCTImk9SApPNFUcqxifH0a9xnCqjhY0sIVczeiumQKEKNzSZvQ1h5eZU0S65/7Zbr5WL1chFHDp2iM3SBfHSDqugO1VADUQToCb2gV+fBeXbenPd565qzmDlBv+B8fAP9No0C</latexit>m

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p <latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>• <latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•
<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•
<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

b

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•
<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q
<latexit sha1_base64="dFR+TB5DiXFhxaxZHUQSG7yJV6I=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8yLIJUXMMePEYwTwgWcLsZDYZMju7zPQKYclHePGgiFe/x5t/4+QFaixoKKq66e4KEikMet6Xs7a+sbm1ndvJ7+7tHxwWjo6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXJtRKwecJxwP6IDJULBKFqp1Q1SKTn2CkXP9WYgnluuVMtXVVJaKktShAXqvcJntx+zNOIKmaTGdEpegn5GNQom+STfTQ1PKBvRAe9YqmjEjZ/Nzp2Qc6v0SRhrWwrJTP05kdHImHEU2M6I4tD89abif14nxbDqZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmlLchrLy8Spplt3TtVu4rxdrlIo4cnMIZXEAJbqAGd1CHBjAYwRO8wKuTOM/Om/M+b11zFjMn8AvOxzefuo+1</latexit>•

<latexit sha1_base64="eTI1PohgiFT2cERwQDNVPan4Egw=">AAAB6HicbVDLSgNBEJz1GeMr6tHLYBA8yLIbouYY8OIxAfOAZAmzk95kzMzsMjMrhCVf4MWDIl79JG/+jZMXqLGgoajqprsrTDjTxvO+nLX1jc2t7dxOfndv/+CwcHTc1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB0O/Vbj6A0i+W9GScQCDKQLGKUGCvVRa9Q9FxvBuy5pXKldFXB/lJZkiJaoNYrfHb7MU0FSEM50brje4kJMqIMoxwm+W6qISF0RAbQsVQSATrIZodO8LlV+jiKlS1p8Ez9OZERofVYhLZTEDPUf72p+J/XSU1UCTImk9SApPNFUcqxifH0a9xnCqjhY0sIVczeiumQKEKNzSZvQ1h5eZU0S65/7Zbr5WL1chFHDp2iM3SBfHSDqugO1VADUQToCb2gV+fBeXbenPd565qzmDlBv+B8fAP9No0C</latexit>m

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p <latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>• <latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•
<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•
<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

c

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•
<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q
<latexit sha1_base64="dFR+TB5DiXFhxaxZHUQSG7yJV6I=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8yLIJUXMMePEYwTwgWcLsZDYZMju7zPQKYclHePGgiFe/x5t/4+QFaixoKKq66e4KEikMet6Xs7a+sbm1ndvJ7+7tHxwWjo6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXJtRKwecJxwP6IDJULBKFqp1Q1SKTn2CkXP9WYgnluuVMtXVVJaKktShAXqvcJntx+zNOIKmaTGdEpegn5GNQom+STfTQ1PKBvRAe9YqmjEjZ/Nzp2Qc6v0SRhrWwrJTP05kdHImHEU2M6I4tD89abif14nxbDqZ0IlKXLF5ovCVBKMyfR30heaM5RjSyjTwt5K2JBqytAmlLchrLy8Spplt3TtVu4rxdrlIo4cnMIZXEAJbqAGd1CHBjAYwRO8wKuTOM/Om/M+b11zFjMn8AvOxzefuo+1</latexit>•

<latexit sha1_base64="eTI1PohgiFT2cERwQDNVPan4Egw=">AAAB6HicbVDLSgNBEJz1GeMr6tHLYBA8yLIbouYY8OIxAfOAZAmzk95kzMzsMjMrhCVf4MWDIl79JG/+jZMXqLGgoajqprsrTDjTxvO+nLX1jc2t7dxOfndv/+CwcHTc1HGqKDRozGPVDokGziQ0DDMc2okCIkIOrXB0O/Vbj6A0i+W9GScQCDKQLGKUGCvVRa9Q9FxvBuy5pXKldFXB/lJZkiJaoNYrfHb7MU0FSEM50brje4kJMqIMoxwm+W6qISF0RAbQsVQSATrIZodO8LlV+jiKlS1p8Ez9OZERofVYhLZTEDPUf72p+J/XSU1UCTImk9SApPNFUcqxifH0a9xnCqjhY0sIVczeiumQKEKNzSZvQ1h5eZU0S65/7Zbr5WL1chFHDp2iM3SBfHSDqugO1VADUQToCb2gV+fBeXbenPd565qzmDlBv+B8fAP9No0C</latexit>m

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p <latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•
<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>• <latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="clJqS6782SD3B7pJD2rkYOW9O1k=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4kDCRoB4DXjxGMAskQ+jp1CRNenqG7hohDPkILx4U8er3ePNvnCxC3B4UPN6roqqeHytpyXU/nNzK6tr6Rn6zsLW9s7tX3D9o2igxAhsiUpFp+9yikhobJElhOzbIQ19hyx9dT/3WPRorI31H4xi9kA+0DKTglEmtrp8ohdQrlipldwbm/iJfVgkWqPeK791+JJIQNQnFre1U3Ji8lBuSQuGk0E0sxlyM+AA7GdU8ROuls3Mn7CRT+iyITFaa2Exdnkh5aO049LPOkNPQ/vSm4l9eJ6HgykuljhNCLeaLgkQxitj0d9aXBgWpcUa4MDK7lYkhN1xQllBhOYT/SfO8XLkoV2+rpdrZIo48HMExnEIFLqEGN1CHBggYwQM8wbMTO4/Oi/M6b805i5lD+Abn7RN14Y+Y</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="9UuoOagsyDbtg4Rhs05itFItQkY=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZh/M9AphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHcFiZKGXPfbWVvf2NzaLuwUd/f2Dw5LR8dNE6daYEPEKtbtgBtUMsIGSVLYTjTyMFDYCsZ3M7/1hNrIOHqkSYJ+yIeRHEjByUqtbpAqhdQrld2KOwdbJV5OypCj3it9dfuxSEOMSChuTMdzE/IzrkkKhdNiNzWYcDHmQ+xYGvEQjZ/Nz52yc6v02SDWtiJic/X3RMZDYyZhYDtDTiOz7M3E/7xOSoNbP5NRkhJGYrFokCpGMZv9zvpSoyA1sYQLLe2tTIy45oJsQkUbgrf88ippXlW860r1oVquXeZxFOAUzuACPLiBGtxDHRogYAzP8ApvTuK8OO/Ox6J1zclnTuAPnM8fdGGPlw==</latexit>•

<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b

<latexit sha1_base64="159p01LGKRxZxo/ibHQBLKvsOws=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4kDAjQT0GvHhMwCyQDKGnU5O06ekZunuEMOQLvHhQxKuf5M2/sbMIcXtQ8Hiviqp6QSK4Nq774eRWVtfWN/Kbha3tnd294v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfukeleSxvzThBP6IDyUPOqLFSPekVS17ZnYG4v8iXVYIFar3ie7cfszRCaZigWnc8NzF+RpXhTOCk0E01JpSN6AA7lkoaofaz2aETcmKVPgljZUsaMlOXJzIaaT2OAtsZUTPUP72p+JfXSU145WdcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm01hOYT/SfO87F2UK/VKqXq2iCMPR3AMp+DBJVThBmrQAAYID/AEz86d8+i8OK/z1pyzmDmEb3DePgHX6Yzo</latexit>p

<latexit sha1_base64="w0uO04S0fOxq2kIYjaEuQh4+J8s=">AAAB6HicdVDJSgNBEK1xjXGLevTSGAQPEmYkqMeAF48JmAWSIfR0apI2PT1jd48QhnyBFw+KePWTvPk3dhYhbg8KHu9VUVUvSATXxnU/nKXlldW19dxGfnNre2e3sLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwauI371FpHssbM0rQj2hf8pAzaqxUu+sWil7JnYK4v8iXVYQ5qt3Ce6cXszRCaZigWrc9NzF+RpXhTOA430k1JpQNaR/blkoaofaz6aFjcmyVHgljZUsaMlUXJzIaaT2KAtsZUTPQP72J+JfXTk146WdcJqlByWaLwlQQE5PJ16THFTIjRpZQpri9lbABVZQZm01+MYT/SeOs5J2XyrVysXI6jyMHh3AEJ+DBBVTgGqpQBwYID/AEz86t8+i8OK+z1iVnPnMA3+C8fQLZbYzp</latexit>q<latexit sha1_base64="X/aWJgDghW5AhHQUt/2TQbwshY8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlBu2Xym7FnYOsEi8nZchR75e+eoOYpRFKwwTVuuu5ifEzqgxnAqfFXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbIo2BG/55VXSuqp415Vqo1quXeZxFOAUzuACPLiBGtxDHZrAAOEZXuHNeXRenHfnY9G65uQzJ/AHzucPv62M2A==</latexit>a

<latexit sha1_base64="6qzdcp6rn4BhtQhmzickcE5/NT4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRtAvld2KOwdZJV5OypCj3i999QYxSyOUhgmqdddzE+NnVBnOBE6LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IS3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2RRtCN7yy6ukdVXxrivVRrVcu8zjKMApnMEFeHADNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fwTGM2Q==</latexit>

b
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Figure 10. Two-dimensional illustration of the four remeshing operations described in Sec-
tion 4.4.2. (a) Split of the edge pq: the midpoint m is introduced, and the two red triangles
are replaced by the four blue triangles; (b) Collapse of vertex q onto p; the “shell” of pq,
made of the two red triangles, is removed; (c) Swap of the edge pq; the two red triangles
are replaced by the two blue triangles; (d) Relocation of the vertex p, while maintaining the
connectivities of the mesh.

Multiple possibilities are available as regards the choice of the space V and its inner product a(·, ·), see
again [31]. For instance, one natural choice is:

V = Hm(D)d with the usual inner product a(u, v) :=
∑

|α|≤m

∫

D

∂αu · ∂αv dx,
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where the index m is chosen large enough so that the continuous inclusion V ⊂ W 1,∞(Rd,Rd) holds by
virtue of the Sobolev embedding theorem [2]. The gradient θJ ∈ V produced by the identification problem
(4.4) is thus a vector field on the whole computational domain D (and not only on the boundary ∂Ω of the
shape), and it enjoys the higher regularity of a vector field in Hm(D).

Another popular practice, albeit formal, is that retained in this article: only the normal component of
the velocity field θ is extended and regularized. More precisely, we consider the Hilbert space

(4.5) V = H1(D), with inner product a(u, v) = α2

∫

D

∇u · ∇v dx+

∫

D

uv dx,

where α > 0 is a user-defined parameter, and we solve the following identification problem:

(4.6) Search for v ∈ V s.t. ∀w ∈ V, a(v, w) = J ′(Ω)(wn),

where n stands for an extension of the unit normal vector to ∂Ω. We then take θJ = vn as the “gradient”
of J(Ω), which is defined on the total computational domain D. Although not rigorous, since H1(D)d is not
embedded into W 1,∞(Rd,Rd), this practice yields good results; intuitively, the identification problem (4.5)
and (4.6) amounts to smoothing of the “L2(∂Ω) gradient” vΩ of J(Ω) featured in (2.11) over a thickness α
around ∂Ω.

4.6. A null space algorithm for constrained optimization

Only relatively few of the numerous constrained optimization algorithms (see e.g. [83] for an overview) lend
themselves to an efficient treatment of infinite-dimensional problems, and in particular shape optimization
problems. Let us nevertheless mention the article [98] introducing the popular Method of Moving Asymptotes
(MMA) in the context of density-based topology optimization, or that [49] about the adaptation of the
Sequential Linear Programming (SLP) method to the shape optimization context. In this section, we present
a numerical algorithm for dealing with constrained optimization which is particularly well-suited for our
applications; it is presented in detail in [57]5, see also the article [19] where a similar idea was developed
independently. For simplicity, we restrict ourselves to a heuristic presentation in the case of an optimization
problem featuring only equality constraints, although the method allows to treat an arbitrary number of
equality and inequality constraints.

We consider a shape optimization problem of the form

(4.7) min
Ω
J(Ω) s.t. G(Ω) = 0,

where G(Ω) = (Gi(Ω))i=1,...,p ∈ Rp is a collection of p real-valued equality constraint functionals.
Let us place ourselves at a given iteration n of the execution of Algorithm 3, dropping all superscripts

referring to the latter for notational simplicity. The current shape is denoted by Ω, and we assume that
a Hilbert space V and an inner product a(·, ·) have been chosen for the considered deformation fields θ
according to the Hilbertian method of Section 4.5. As discussed in there, the shape derivatives J ′(Ω) and
G′i(Ω) are accounted for by gradients θJ , θGi ∈ V , i = 1, . . . , p, that is:

∀ξ ∈ V, J ′(Ω)(ξ) = a(θJ , ξ), and G′i(Ω)(ξ) = a(θGi , ξ).

The next iterate (Id + τθ)(Ω) in the solution of the shape optimization problem (4.7) is obtained from a
deformation θ which is sought as a linear combination of θJ and the θGi

; we may write the latter under the
form

(4.8) θ = − (αJξJ + αGξG) , where





ξJ = θJ −
p∑
i=1

λiθGi
,

ξG =
p∑
i=1

βiθGi
,

and the coefficients λi, βi are characterized by the following requirements:

5An open source implementation is available at the address:

https://gitlab.com/florian.feppon/null-space-optimizer
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• The vector field ξJ ∈ V is a descent direction for J(Ω) lying in the null-space of the constraint
functional G(Ω), i.e.

∀i = 1, . . . , p, G′i(Ω)(ξJ) = a(θGi
, ξJ) = 0.

This property rewrites under the form of a p× p matrix system for the coefficients λ = (λi)i=1,...,p:

Sλ = b, where Sij := a(θGi
, θGj

), and bi := a(θGi
, θJ).

• The contribution ξG ∈ V , which is then the only one able to modify the value of the constraint
functional, should ensure a reduction in the absolute value of G(Ω) by a unit:

G((Id + τθ)(Ω)) = (1− αGτ)G(Ω).

This requires that |1−αGτ | < 1, that is αG < 2
τ . Using the asymptotic expansion (2.8), one obtains,

at first order:

∀i = 1, . . . , p,

p∑

j=1

βjG
′
i(Ω)(θGj

) = −Gi(Ω),

which leads to the p× p matrix system:

Sβ = −c, where ci := −Gi(Ω).

Intuitively, the weights αJ and αG in (4.8) encode the relative rates at which the algorithm imposes the
reduction in the value of the objective function and the fulfillment of the constraints.

The practical implementation of this strategy relies on the following adaptations of these considerations:

• The coefficients αJ and αG in (4.8) are actually adapted from one iteration to the other, in order to
control the maximum amplitude ||θ||L∞(D)d of the descent direction θ; we set:

αJ =

{ AJh
||ξJ ||L∞(D)d

if the iteration number n is ≤ n0,
AJh

max(||ξJ ||L∞(D)d
,Ξ) otherwise,

and αG = min

(
AGh

||ξG||L∞(D)d
, 2

)
,

where h is the average size of an edge in the mesh, and AJ , AG are fixed ratios accounting for the
largest displacement (relatively to the mesh size) of the boundary ∂Ω induced by the requirements
to reduce the value of the objective function and to satisfy the constraints, respectively.

In the above formula, a given number of iterations n0 is introduced, and the normalization of ξJ
expressed in the definition of αJ is only applied during the first n0 iterations of the optimization
process; when n > n0, the normalization factor is replaced by the maximum between the norm
||ξJ ||L∞(D)d of the current direction ξJ , and its value Ξ at iteration n0. This leaves the room for the
contribution αJξJ , which is in charge of making the value of J(Ω) decrease, to tend to 0 as n grows,
and thus to avoid oscillations of the algorithm in the final iterations of the method.

• A merit function is used to appraise the size of the step ∆t during which the direction θ in (4.8)
allows to improve Ω with respect to the problem (4.7). More precisely, we introduce the augmented
Lagrangian-like shape functional

(4.9) M(Ω) := αJ

(
J(Ω)−

p∑

i=1

λiGi(Ω)

)
+
αG
2
S−1G(Ω) ·G(Ω),

whose shape gradient (with respect to the inner product a(·, ·)) is precisely the deformation field θ
in (4.8). The time step ∆t must then be chosen in such a way that M((Id + ∆tθ)(Ω)) < M(Ω), at
least up to a certain tolerance.

Remark 4.3. One interesting feature of this algorithm is that it does not involve many user-defined param-
eters which may prove difficult to tune: only AJ and AG have to be specified, whose physical meaning is quite
clear. The ratio AJ/AG allows to control the pace at which constraints become satisfied.
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Figure 11. Setting of the 2d crane optimization example of Section 5.1.

5. Numerical illustrations

In this section, we present several numerical examples illustrating the main features of our shape optimization
framework, in physical situations where a body-fitted approach is particularly desirable. The first Section 5.1
arises in the exact physical setting of 2d linearly elastic structures introduced in Section 2.1. We then turn
to more complex physical situations; in Section 5.2, we consider the optimization of a two-dimensional
thermoelastic device; in Section 5.3, we deal with the three-dimensional optimization of an aerodynamic
profile, and finally, in Section 5.4, we consider the optimization of a three-dimensional thermal-fluid heat
exchanger.

5.1. Optimization of the shape of a two-dimensional crane

Our first example deals with the optimal design of a 2d crane, as depicted on Fig. 11. The considered shapes
Ω are enclosed in a computational box D with size 5 × 5; they are clamped on two small regions ΓD near
the corners of their lower part, and uniform traction loads g = (0,−1) are applied on the two regions ΓN
located at the left and right ends of their upper part, accounting for the counterweight of the crane and the
weight of the lifted object, respectively.

The shapes are made of a linearly elastic material with normalized Lamé parameters λ = 0.5769 and
µ = 0.3846. As presented in Section 2.1, the physical behavior of the shape in this situation is described by
the linearized elasticity system (2.1), and we solve the problem

min
Ω
C(Ω) s.t. Vol(Ω) = VT ,

where C(Ω) stands for the compliance (2.3) of Ω, and where the target value VT for the volume Vol(Ω) is
set to VT = 2.5.

Several intermediate shapes are represented on Fig. 12, exemplifying in particular the multiple topological
changes undergone by the shape in the course of its evolution. The histories of the values of C(Ω and Vol(Ω)
are reported in Fig. 13.

5.2. Minimum compliance problem in thermoelasticity

In this section, we illustrate the application of the level set based mesh evolution methodology to the
minimization of the compliance of a thermoelastic structure. This test case is partially reproduced from the
articles [103, 57]. The considered shapes Ω are contained in the fixed computational domainD = (0, 2)×(0, 1);
they are clamped on the left and right sides of D, whose reunion is denoted by ΓD, and they are subjected to
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Figure 12. (From (a) to (f)) Intermediate shapes obtained at iterations 0, 16, 25, 50, 100
and 200 of the crane optimization test case of Section 5.1

a traction load applied on a small region ΓN with size 0.0125 centered at the middle of the bottom boundary,
see Fig. 14.

The shape Ω is filled by a thermoelastic material, characterized by the Lamé parameters λ = 11510,
µ = 7673, and the thermal expansion coefficient α = 0.77 with reference temperature Tref = 0. The
quantities α and Tref express that the structure experiences an additional stress induced by thermal dilation
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Figure 13. Evolution of the compliance and of the volume in the crane optimization ex-
ample of Section 5.1.
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Figure 14. Physical setting of the compliance minimization problem of a thermoelastic
structure considered in Section 5.2, issued from [103].

when the temperature T inside the material is larger than Tref . In this example, the constant temperature
field T = 5 is imposed to the structure, causing expansion of the structure.

The displacement uΩ of the shape in this setting is the solution to the following linear thermoelasticity
system:

(5.1)





−div(σ(uΩ, T )) = 0 in Ω

uΩ = 0 on ΓD

σ(uΩ, T )n = g on ΓN

σ(uΩ, T )n = 0 on Γ,

where the stress tensor σ(u, T ) reads

(5.2) σ(u, T ) = Ae(u)− α(T − Tref)I with Ae = 2µe+ λtr(e)I.

We solve the following minimum compliance minimization problem:

min
Ω⊂D

J(Ω) :=

∫

Ω

Ae(uΩ) : e(uΩ) dx s.t. Vol(Ω) ≤ VT ,

where the target volume is VT = 0.7.
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Figure 15. (From (a) to (f)) Intermediate shapes obtained at iterations 0, 5, 10, 30, 50
and 100 of the thermoelastic test case of Section 5.2

a b

Figure 16. (a) Optimized design (iteration 200) in the thermoelastic test case of Sec-
tion 5.2, (b) associated mesh T of the computational domain D.

The shape derivative of the compliance in the present context has been calculated in [103, 57], and
the formulas are omitted for brevity. The optimization results are shown on Figs. 15 and 16, which include
respectively plots of a few intermediate shapes, and the mesh of the optimized design obtained at convergence.

5.3. Lift–drag topology optimization for three-dimensional aerodynamic design

This section presents an application of the level set based mesh evolution method in the context of 3d
aerodynamic design. We aim to optimize the shape of a flying solid obstacle immersed into an incoming
fluid flow, so that it generate the largest possible lift force while keeping friction forces small. This classical
industrial problem, which is commonly referred to as “lift-drag” optimization in the literature, has been
mostly addressed in the context where the optimized design is described by a set of CAD parameters, see for
instance [88, 80, 70, 71, 51, 75, 63]. The test case presented in this section is a variation from that discussed
in [58, Section 5.3].

The physical setting is that depicted on Fig. 17: the fixed computational domain is the cube D = (0, 1)3.
It is filled by a fluid, entering from the left-hand boundary Γ in with a velocity v0 = (1, 0, 0), and exiting
with a stress-free boundary condition at the opposite face Γout. The domain is divided into a fluid part
Ω, denoted by Ωf , and a solid obstacle Ωs := D \ Ωf which is such that Ωs b D. The boundary of the
solid obstacle is denoted by Γ = ∂Ωs. The physical state of the fluid is determined by its velocity field vΩ

and pressure field pΩ which are characterized as the solutions to the system of incompressible steady-state
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Figure 17. Physical setting of the lift-drag optimal design problem considered in Sec-
tion 5.3.

Navier-Stokes equations:

(5.3)





−div(σf (vΩ, pΩ)) + ρ∇vΩ vΩ = 0 in Ωf

div(vΩ) = 0 in Ωf

vΩ = v0 on Γ in

σf (vΩ, pΩ)n = 0 on Γout

vΩ = 0 on Γ

vΩ · n = 0 on ∂D\(Γ in ∪ Γout),

where ν is the fluid viscosity, ρ its density and where σf (v, p) denotes the fluid stress tensor which is related
to the rate of strain tensor e(v) := 1

2 (∇v +∇vT ) via Newton’s law:

σ(v, p) := 2νe(v)− pI,
and where n denotes the unit normal vector to ∂Ωf , pointing outward Ωf .

The considered problem is to maximize the lift generated by the obstacle Ωs (which is the force allowing
it to fly), under an upper bound constraint on the drag (i.e. the reaction force of the fluid medium on Ωs), so
that the obstacle remains aerodynamic. In addition, the volume Vol(Ωs) and the center of mass X(Ωs) ∈ R3

of the obstacle are prescribed. The corresponding optimization program reads:

(5.4)

min
Ω

− Lift(Ω)

s.t.





Drag(Ω) 6 Drag0

Vol(Ωs) = VT

X(Ωs) :=
1

|Ωs|

∫

Ωs

xdx = x0,

where the lift functional Lift(Ω) accounts for the vertical force exerted by the fluid on the solid obstacle:

Lift(Ω) := −
∫

Γ

εy · σf (vΩ, pΩ)nds,

where εy = (0, 1, 0). The Drag functional Drag(Ω) is defined by

Drag(Ω) :=

∫

Ωf

σf (vΩ, pΩ) : ∇vΩ dx =

∫

Ωf

2νe(vΩ) : e(vΩ) dx.

The computation of the shape derivatives of these functionals is fairly classical and can be found e.g. in
[55, 41, 68]. The parameters considered for the present test case are set to ν = 1/200, ρ = 1, corresponding
to a Reynolds number of the order of Re ' 200, VT := 0.03 and x0 = 0. The maximum value allowed for
the drag is set to Drag0 := 0.078405, corresponding to 1.5 times the minimum possible drag value for the
prescribed solid volume (obtained from another minimization).
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Figure 18. (From (a) to (f)) Intermediate designs obtained at iterations 0, 5, 10, 50, 100
and 200 of the optimization process for the lift-drag test case of Section 5.3

This computationally intense problem is solved with parallel computing using 20 CPUs and the method-
ology described in [58]. The typical edge length imposed on the fluid-solid interface equals 0.01. The final
mesh features 154,982 vertices and 846,138 tetrahedra, including 134,637 vertices and 700,520 tetrahedra in
the fluid domain.

A few intermediate shapes obtained during the optimization procedure are shown on Fig. 18. The opti-
mized design, its mesh as well as its surrounding velocity field can be appraised on Figs. 19 and 20. Despite
the low Reynolds number which makes this study quite unrealistic with respect to concrete aeronautic ap-
plications, is it quite remarkable that it is able to predict a design whose longitudinal profile recalls that of
an airfoil, and whose “V-shape” at the back reminds that of airplanes.

5.4. Optimal design of a three-dimensional fluid heating device

The numerical example of this section is reproduced from [58, Section 5.5]; it deals with the optimal design
of a heating device whose purpose is to warm up a cold fluid under the coupled effects of convection and
conduction.

The situation is that depicted on Fig. 21. The computational domain D ⊂ R3 is the box [0, 2]×[0, 1]×[0, 1].
It is divided into a fluid phase Ω ⊂ D, denoted by Ωf , and a solid phase Ωs = D \Ω, with respective thermal
conductivities kf and ks; these are separated by the interface Γ. A “cold” fluid with density ρ and viscosity
ν enters from the left side of D through a disk-shaped inlet boundary ∂Ωin

f of radius 0.1 with a unit parabolic
velocity profile v = v0 and a prescribed temperature T = 0. The fluid absorbs the heat diffused from a “hot”
stripe ∂ΩDT at the middle of ∂D which is maintained at the constant temperature T = 10, before exiting
through a similar disk-shaped outlet boundary ∂Ωout

f at the right side of ∂D with a stress-free boundary
condition. No heat is lost through the remaining parts of ∂D which are considered adiabatic.

In this context, we aim to optimize the shape Ωf = Ω of the fluid phase, and thereby the repartition
of Ωf and Ωs within D, in order to maximize the total heat carried by the fluid, under constraints on the
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Figure 19. Optimized design in the lift-drag test case of Section 5.3, with a cut view of the
magnitude of the surrounding velocity field vΩ.

a
b c

d e f

Figure 20. Different views of the optimized design obtained in the left-drag test case of
Section 5.3; (a) side view, (b) bottom view, (c) top view, (d) back view, (e) front view and
(f) perspective view.

static pressure loss through the device and on the volume of Ωf . Mathematically, the following optimization
program is considered, see [55, 58]:

(5.5)

min
Ω

J(Ω) := −
∫

Ωf

ρcpvΩ · ∇TΩ dx,

s.t.





DP(Ω) :=

∫

∂Ωin
f

pΩ ds−
∫

∂Ωout
f

pΩ ds 6 DPT ,

Vol(Ωf ) = VT .
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T = 0

∂Ωin
f

∂Ωout
f

T = 10

Figure 21. Setting of the optimal heat transfer problem of Section 5.4. A “cold” fluid flows
from the left to the right blue disk-shaped regions and captures the heat communicated by the
red stripe ∂ΩDT where the “hot” temperature T = 10 is imposed.

Here, the velocity vΩ and the pressure pΩ of the fluid are governed by the static, incompressible Navier-Stokes
equations:

(5.6)





−div(σf (vΩ, pΩ)) + ρ∇vΩ vΩ = 0 in Ωf ,

div(vΩ) = 0 in Ωf ,

vΩ = v0 on ∂Ωin
f ,

σf (vΩ, pΩ)n = 0 on ∂Ωout
f ,

vΩ = 0 on Γ.

where σf (v, p) is the stress tensor within a fluid with velocity v and pressure p, which is related to the rate
of strain tensor e(v) := 1

2 (∇v +∇vT ) via the Newton’s law:

σf (v, p) := 2νe(v)− pI.
The temperature field TΩ inside D depends on the velocity vΩ of the fluid via the static convection-diffusion
equation:

(5.7)





−div(kf∇TΩ) + ρcpvΩ · ∇TΩ = 0 in Ωf ,

−div(ks∇TΩ) = 0 in Ωs,

TΩ = 0 on ∂Ωin
f ,

TΩ = 10 on ∂ΩDT ,

−∂TΩ

∂n
= 0 on other boundaries,

TΩ is continuous on Γ,

The flux − k∂TΩ

∂n
is continuous on Γ,

where cp is the thermal capacity of the fluid.
The values of the physical parameters entering the formulation (5.5) to (5.7) are chosen as follows. The

density and the viscosity of the fluid are respectively ρ = 10 and ν = 0.167, so that the Reynolds number
of the flow equals Re ' 60. Its thermal conductivity and capacity coefficients are respectively set to kf = 1
and cp = 500; hence, the Péclet number Pe equals 5, 000. The thermal conductivity of the solid phase is
ks = 10. The imposed upper bound on the pressure drop in (5.5) is set to DPT = 0.85, while the target
volume for the fluid phase equals 20% of the total volume: VT = 0.2Vol(D).

The numerical realization of this program relies on the application of the level set based mesh evolution
Algorithm 3, where the formulas for the derivatives of the shape functionals at play have been established
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Figure 22. (From (a) to (f)) Iterations 0, 5, 15, 25, 50 and 152 of the optimization process
of a heating device considered in Section 5.4.

in [56]. The initial repartition of the phases Ωf , Ωs features islands of solid spherical inclusions, see Fig. 22
(a). A few intermediate shapes arising in the course of the optimization process can be seen on Fig. 22,
illustrating the dramatic topological changes undergone by the system. The resulting optimized design is
displayed on Fig. 23. Interestingly, the latter features thin inclusions of fluid attached to the main pipes
so as to take advantage of the insulating effect induced by the low thermal conductivity of the fluid with
respect to that of the solid.

The sizes of the meshes of D considered for this test-case range from approximately 22,000 to 278,100
vertices. The numerical resolutions of the Navier-Stokes and the advection-diffusion equations (5.6) and (5.7)
are efficiently achieved by combining the finite element method with domain decomposition techniques on
30 processes. The total computation takes approximately 2 days.

6. Conclusion and perspectives

In this article, we have presented a numerical framework for shape and topology optimization which combines
the level set method with remeshing techniques to reconcile the antagonistic needs for accurate mechanical
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a b

c d

Figure 23. (a) Optimized heating device obtained in the example of Section 5.4; (b) mesh
of the fluid component of the final design; (c) sectional view of the optimized solid domain
(d) sectional view of the optimized fluid domain. In all the pictures, the colors correspond
to the temperature profile.

computations on the shape and for a robust description of its evolution. This numerical strategy has been
successfully applied in a wide variety of physical contexts, including those of linearly elastic structures,
fluid-structure interacting devices, heat exchangers, etc. It could also be used fruitfully beyond the realm
of shape optimization, and notably in the simulation of multi-phase problems (for instance, in the study of
multi-phase flows), or in the solution of inverse problems implying the detection or reconstruction of objects.

Beyond ever more complicated physical situations, we are currently working on extending this method to
deal with the optimization of the shape and topology of regions embedded in a fixed surface. This would
allow, for instance, to optimize the regions of the boundary of a domain bearing various types of boundary
conditions, in the spirit of our previous work [42]. We also wish to extend this methodology to handle the
evolution of open curves in 2d, and open surfaces in 3d, which would make it possible to optimize shell
structures.
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Figure 24. Setting of the 2d cantilever test-case considered in Appendix A.

Appendix A. Manual of the companion code

In this appendix, we describe the python-based implementation of the level set mesh evolution method
accompanying this article. Our aim is to provide a code which meets a compromise between simplicity,
re-usability and computational efficiency: we hope that it is simple enough so that a user can easily get ac-
quainted with its main features, and at the same time general and modular enough so that it can be modified
with a minimum amount of effort to address a whole gamut of new and more challenging applications.

The source code can be downloaded from the Github repository

https://github.com/dapogny/sotuto

which is organized in several folders: the one named ./base contains the material devoted to the benchmark
2d cantilever test case; it serves as support for this presentation. The other folders are as many variations
around this main theme, which are briefly presented in Appendix A.10.

A.1. Description of the 2d cantilever test-case

Our model example arises in the linearized elasticity setting described in Section 2.1. The considered shape
Ω represents a cantilever beam; Ω is comprised in a box D with size 2×1, it is clamped on the left-hand side
ΓD of ∂D, and traction loads g = (0,−1) are applied on a given region ΓN near the center of its right-hand
side, see Fig. 24. In this context, we aim to solve the problem

(A.1) min
Ω

C(Ω), s.t. Vol(Ω) = VT ,

where the compliance C(Ω) and the volume Vol(Ω) of a shape Ω have been defined in Section 2.1 as:

C(Ω) =

∫

Ω

Ae(uΩ) : e(uΩ) dx and Vol(Ω) =

∫

Ω

dx,

and where VT is a volume target. The elastic displacement uΩ involved in the definition of C(Ω) is the
unique solution in H1

ΓD
(Ω)d to the linear elasticity system (2.1), whose variational formulation reads:

(A.2) ∀v ∈ H1
ΓD

(Ω)d,

∫

Ω

Ae(uΩ) : e(v) dx =

∫

ΓN

g · v ds.

For the convenience of the reader, we recall from Section 2.2 the expressions of the shape derivatives of C(Ω)
and Vol(Ω):

(A.3) C ′(Ω)(θ) = −
∫

Γ

Ae(uΩ) : e(uΩ) θ · n ds, and Vol′(Ω)(θ) =

∫

Γ

θ · n ds.
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A.2. Getting started: download and installation of the files

As a preliminary stage, the use of our program requires the installation of four open-source libraries, written
in C or C++:

• The library mshdist [40] performs the computation of the signed distance function to an input
domain at the vertices of a simplicial computational mesh, as detailed in Section 4.2. It can be freely
downloaded from the repository

https://github.com/ISCDtoolbox/Mshdist

and compiled by following the instructions supplied at this address.
• The library advection [30] solves the advection equation (3.3) governing the evolution of a level

set function on a simplicial computational mesh in 2d and 3d, see Section 4.3. It is available at the
following link:

https://github.com/ISCDtoolbox/Advection

where instructions are given to compile the library.
• The library mmg [39] is in charge of the remeshing operations of the strategy, as presented in Sec-

tion 4.4. It can be downloaded through the webpage of the project

https://www.mmgtools.org/

where a series of tutorials is available to exemplify the main features of this program, see also the
github link

https://github.com/MmgTools/mmg

• The software FreeFem [66] is a numerical environment where partial differential equations can be
solved in a few lines of commands through the input of their variational formulation. More generally,
it conveniently and efficiently allows to handle finite element spaces and functions thanks to an
intuitive C++ based pseudo-language. The latest version of Freefem can be downloaded from the
webpage6:

https://freefem.org/

which also contains an exhaustive documentation, and multiple worked examples.

In addition to these four required codes, we recommend the installation of the open-source vizualization
software medit, provided at the following address:

https://github.com/ISCDtoolbox/Medit

where a short manual is also available7.

Our numerical implementation of the level set based mesh evolution method relies on a main frame written
in python, supplemented by FreeFem scripts dedicated to the operations involving finite element computa-
tions. The calls to the four aforementioned external libraries are encapsulated in python functions which
merely execute unix command lines via subprocesses8. These interface functions are not supposed to be
modified by the user, and we limit ourselves with presenting their syntax in Appendix A.7 below. Their
proper functioning requires that, after installation of the libraries mshdist, advection, mmg and FreeFem, the
user set the paths of the corresponding executables in the path.py file, as described in Appendix A.5.1. The
communications between the main python program and these codes (such as the exchange of input parame-
ters or output results) are realized via an exchange file referred to as path.EXCHFILE in the python program;
this mechanism should be invisible to the user.

This manual is organized as follows. We first present the overall architecture of the program in the next
Appendix A.3. In Appendix A.4, we outline the practical shape optimization strategy realizing the abstract
Algorithm 3, and we introduce the functions corresponding to its main stages. These functions are detailed
in the subsequent sections, with a particular emphasis on the parts that the user may have to modify in

6A python package interfacing FreeFem is available at the following link: https://gitlab.com/florian.feppon/pyfreefem
7The python package PyMedit can be used to conveniently handle and vizualize the mesh structures processed by medit:

https://gitlab.com/florian.feppon/pymedit
8These command lines are adapted to Linux and MacOs environments, and some adaptations may be necessary for systems

relying on Windows.
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order to implement his own examples. Note that, for clarity, we have allowed some redundancy between the
various sections of this manual, as it is not necessarily meant to be read in linear fashion.

A.3. Global architecture of the program

The source code in the ./base folder is made of files of three different types:

• The .py files are python modules;
• The .edp files are FreeFem scripts, which are executed by calling FreeFem from python functions;
• The .idp files are also processed by FreeFem; they contain general information and routines shared

by most of the .edp scripts.

Two of the above files are dedicated to the input of user-defined parameters:

• The module path.py contains global variables and the paths to the directories where input and
output objects are stored, to the executables, etc. For instance, path.EXCHFILE is the address of the
aforementioned exchange file between python and FreeFem modules, the file path.HISTO contains
the data (values of the compliance and volume) of the successive shapes produced during the opti-
mization process, path.FREEFEM is the command line for calling FreeFem, etc. This file also contains
the definition of shorthands used throughout the program: path.step(n,"mesh") is the string of
characters containing the name of the mesh of D at the nth iteration, path.step(n,"u.sol") refers
to the file containing the elastic displacement, etc.

The contents of this file are more thoroughly described in Appendix A.5.1.
• The file macros.idp contains global variables and macros used in FreeFem scripts; it is described in

Appendix A.5.2.

The main program is executed by calling the file main.py, which orchestrates the functions from the
other python modules. These modules are:

• The module inout.py contains the functions for reading and printing data from and to external
files;

• The module inigeom.py is devoted to the creation of the initial shape, see Appendix A.6 for its
description;

• The module mechtools.py gathers the functions in charge of the mechanical calculations of the
framework, and notably the resolution of the linear elasticity system (A.2), the calculation of the
compliance of shapes, that of a descent direction for the problem (A.1), etc. These are described in
Appendices A.8 and A.9;

• The module lstools.py contains the functions dedicated to the treatment of level set functions, and
notably the interface functions with the C libraries mshdist and advection. The practical use of
these functions is described in Appendix A.7.

• The module mshtools.py contains the interface functions with the library mmg, see Appendix A.7;

The execution of our program mainly results in the production of data files of two types, written in the
common formats used by mshdist, advect, FreeFem, mmg and medit:

• .mesh files contain meshes,
• .sol files contain (scalar- or vector-valued) P1 finite element functions given by their values at the

vertices of a companion mesh.

For brevity, and since the structure of such files is not needed for our purpose, we do not describe them in
the present manual, referring for this matter to the documentation of any of the codes mentioned above.

A.4. Overview of the global strategy: description of the file main.py

The code contained in the folder ./base is executed by entering the following command line from the root
folder.

python ./base/main.py

In the present section, we describe in some detail how the file main.py implements the strategy of Algo-
rithm 3; the outline of this practical realization is provided in Algorithm 4.

35



Algorithm 4 Practical realization of the level set based mesh evolution method.

Initialization:

• Function inout.iniWF: Initialization of folders and exchange files.
• (Optional) Function inout.testLib: Test of the links with python functions and external C

libraries.
• Function inigeom.iniGeom: Creation of the initial mesh T 0 of D.
• Function mechtools.elasticity: Calculation of uΩ0 .
• Functions mechtools.compliance and mechtools.volume: Calculation of C(Ω0) and Vol(Ω0).

for n = 0, ..., path.MAXIT− 1 do
(1) Function lstools.mshdist: Calculation of the signed distance function φn on T n.
(2) Functions mechtools.gradCp and mechtools.gradV: Calculation of the gradients of C(Ω) and

Vol(Ω) on T n.
(3) Functions mechtools.descent: Calculation of a descent direction for (A.1).
(4) Functions mechtools.merit: Calculation of the merit of Ωn.
(5) Line search: for k = 0, . . . , path.MAXITLS− 1 do

(a) Function lstools.advect: Resolution of the level set advection equation, for the the
new function φn+1 on the old mesh T n of D.

(b) Function mshtools.mmg: Creation of the new mesh T n+1 of D, where the 0 level set of
φn+1 is explicitly discretized.

(c) Function mechtools.elasticity: Calculation of uΩn+1 on T n+1.
(d) Functions mechtools.compliance, mechtools.volume and mechtools.merit: Cal-

culation of C(Ωn+1), Vol(Ωn+1) and M(Ωn+1).
(e) Decision: Acceptation / Rejection of the new iterate.

end for
end for
return Mesh T n of D where Ωn is discretized as a submesh T nint.

A.4.1. Initialization

The program starts with the creation of the folder ./res/, where all the mesh and solution files produced
during the execution will be saved. Meanwhile, the files path.EXCHFILE, path.HISTO are created, as well as
other exchanges files whose descriptions are not needed by the user.

# Initialize folders and exchange files

inout.iniWF ()

Then, the calls to the four external libraries FreeFem, mshdist, advection and mmg are tested.

# Test the links with external C libraries

inout.testLib ()

This should result with the following terminal output.

FreeFem installation working.

Mshdist installation working.

Advect installation working.

Mmg installation working.

All external libraries working.

Of course, once the user is confident with his settings, this testing stage can be deactivated by simply
removing this instruction.
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The next call to the function iniGeom from the module inigeom.py, which is described in Appendix A.6,
is meant to create the initial mesh T 0 of D, equipped with the boundary conditions of the test-case, and
featuring an explicit discretization of the initial shape Ω0 as a submesh T 0

int.

# Creation of the initial mesh

inigeom.iniGeom(path.step(0,"mesh"),path.step(0,"phi.sol")

The resulting mesh file step.0.mesh is stored in the folder path.RES; it is depicted in Fig. 25 (a), where the
interior submesh T 0

int is that made of the black triangles (identified by the reference path.REFINT), while
the exterior submesh T 0

ext is the collection of white triangles (with reference path.REFEXT).

The linear elasticity system (A.2) for the elastic displacement uΩ0 of Ω0 is then solved on the interior
submesh T 0

int thanks to the function elasticity from the mechtools.py module.

# Resolution of the state equation

mechtools.elasticity(path.step(0,"mesh"),path.step(0,"u.sol"))

This function is described in Appendix A.8 below.

Finally, the values C(Ω0) and Vol(Ω0) of the compliance and the volume of Ω0 are calculated owing to
the following commands:

# Calculation of the compliance and the volume of the shape

newCp = mechtools.compliance(path.step(0,"mesh"),path.step(0,"u.sol"))

newvol = mechtools.volume(path.step(0,"mesh"))

The functions compliance and volume from the module mechtools.py are detailed in Appendix A.8.

A.4.2. Main optimization loop

At the beginning of each iteration n, ranging from 0 to path.MAXIT −1, a few shorthands are defined, such
as for instance:

• curmesh is the address path.step(n,"mesh") (corresponding, by default, to the file step.n.mesh

in the folder path.RES) for the mesh T n of D;
• curphi is the address path.step(n,"phi.sol") (corresponding, by default, to the file step.n.phi.sol

in path.RES) for the level set function φn : D → R.

At this moment, the following objects are available:

• The mesh T n of the domain D, called curmesh; the shape Ωn (resp. the exterior part D \ Ωn) is
represented by the submesh T nint (resp. T next), whose elements are the triangles with label path.REFINT
(resp. path.REFEXT).

• The displacement uΩn , solution to the linear elasticity equation (A.2)) on Ωn, is called curu. It is
encoded as a P1 finite element function on the whole mesh curmesh, with the convention that only
its values in the interior part of curmesh are to be considered.

• The respective values newCp, newvol of the compliance and volume C(Ωn) and Vol(Ωn) of the current
shape Ωn.

The nth iteration starts with the calculation of the signed distance function φn = dΩn to Ωn at the vertices
of the mesh T n. This relies on the function mshdist from the module lstools.py:

# Generation of a level set function for $\Omega^n$ on $D$
l s t oo l s .mshdist(curmesh ,curphi)

The use of this function is described in Appendix A.7.
The shape gradients of the objective and constraint functionals C(Ω) and Vol(Ω) are then calculated.

This is realized thanks to the functions gradCp and gradV from the module mechtools.py, which rely in
particular on the Hilbertian extension-regularization procedure presented in Section 4.5.
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# Calculation of the gradients of compliance and volume

mechtools.gradCp(curmesh ,curu ,curCPgrad)
mechtools.gradV(curmesh ,curVgrad)

These functions are described in Appendix A.9.1.

A descent direction for the optimization problem (A.1) is then inferred from these gradients, following
the constrained optimization strategy presented in Section 4.6.

# Calculation of a descent direction

mechtools.descent(curmesh ,curphi ,curCp ,curCpgrad ,curvol ,curVgrad ,curgrad)

This function is described in Appendix A.9.2. It takes as arguments

• A string of characters curmesh for the name of the current mesh of D;
• The name curphi of the level set function for the shape Ωn;
• The values curCp, curvol of the objective (compliance) and constraint (volume) functionals;
• The respective names curCpgrad, curVgrad for the gradients of these functionals;
• The name curgrad for the file where the calculated descent direction should be saved.

Remark A.1. The descent direction produced by this function is normalized, so that its L∞ norm equals
the typical size path.MESHSIZ of an element in the mesh, see Appendix A.9.2 about this practice. Hence, a
motion of the shape Ωn in the direction of curgrad for a pseudo-time step τn = 1 corresponds to a maximum
amplitude path.MESHSIZ for a motion of a point of the shape.

The above function descent prints in the file path.EXCHFILE the values of the coefficients λ, S (which
boils down to a scalar value in the present example), αJ , αG used in the optimization strategy, as they are
needed in the evaluation of the merit function M(Ω), see (4.9).

This value of M(Ωn) is then calculated, thanks to the following function, which is described in Appen-
dix A.9.3.

# Evaluation of the merit of $\Omega^n$
merit = mechtools.merit(curCp ,curvol)

A line search procedure then begins, under the form of a nested loop indexed by k; for each substep, the
following operations are carried out.

(1) The motion of the current shape Ωn given by curmesh and curphi in the direction curgrad is
realized, for a certain pseudo-time coef. Because of the chosen normalization for curgrad (see
Remark A.1), the maximum displacement of a point of the shape equals coef ∗ path.MESHSIZ.

# Advection of the level set function

print (" Level Set advection")

l s t oo l s .advect(curmesh ,curphi ,curgrad ,coef ,newphi)

The use of the function lstools.advect is explained in Appendix A.7. The level set function φn+1

for the new shape Ωn+1 resulting from this operation, stored in the file newphi, is still attached to
the mesh curmesh.

(2) The 0 level set φn+1, named newphi, is explicitly discretized in the mesh curmesh by calling mmg.

# Creation of a mesh associated to the new shape

print (" Local remeshing")

retmmg = mshtools.mmg2d(curmesh ,1,newphi ,path.HMIN ,path.HMAX ,

path.HAUSD ,path.HGRAD ,1,newmesh)

The function mshtools.mmg2d in charge of the interface between the library mmg and our python

framework is described in Appendix A.7.
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(3) (Unless the execution of mmg has accidentally failed) The elastic displacement uΩn+1 is calculated on
the new shape defined by the mesh T n+1 of D, named newmesh, or more accurately, on the submesh
T n+1

int of T n+1 made of the triangles with reference path.REFINT. The corresponding values of the
compliance and volume functionals, and then the new value of the merit are evaluated.

i f ( retmmg ) :

# Resolution of the state equation on the new shape

print (" Resolution of the linearized elasticity system")

mechtools.elasticity(newmesh ,newu)

# Calculation of the new values of compliance and volume

print (" Evaluation of the new merit")

newCp = mechtools.compliance(newmesh ,newu)
newvol = mechtools.volume(newmesh)
newmerit = mechtools.merit(newCp ,newvol)

The final step of the inner line-search loop is the decision stage: the new shape newmesh is accepted if the
corresponding value newmerit of the merit function is less than that of the previous shape curmesh (up to
some tolerance), or if a maximum number of iterations has been made in the line search procedure with this
descent direction. Otherwise, the new iterate is refused; the algorithm goes back to the beginning of the line
search procedure, with a reduced value of the “time-step” coef.

# Accept iteration: break and increase slightly the "time step"

i f ( retmmg and ( newmerit < merit + path.TOL*abs(merit) )

or ( k == 2 ) or ( coef < path.MINCOEF ) ) :

coef = min(path.MAXCOEF ,1.1* coef)

print (" Iteration {} - subiteration {} accepted\n". format(n,k))
break

# Reject iteration: go to start of line search with a decreased "time step"

e l se :

print (" Iteration {} - subiteration {} rejected". format(n,k))
proc = subprocess.Popen(["rm {nmesh}". format(nmesh=newmesh)],shell=True)
proc.wait()

coef = max(path.MINCOEF ,0.6* coef)

A.4.3. Outputs

At each iteration n = 0, . . . , path.MAXIT−1 of the main loop of our optimization procedure, the following
files are saved in the path.RES repository:

• The current mesh T n ofD, referred to via the shortcut curmesh, is saved as the file path.step(n,"mesh")
(which is, unless specified otherwise by the user, the file step.n.mesh in the folder path.RES);

• The level set function φn for the shape Ωn, called curphi, is saved as the file path.step(n,"phi.sol");
• The solution uΩn to the elasticity system associated to Ωn is saved in the file path.step(n,"u.sol");

let us recall that, although uΩn is only defined on Ωn from the mathematical point of view, it is
actually stored as a P1 finite element function on the total mesh T n, being understood that only the
values at the vertices of the interior part T nint are relevant;

• The gradients curCpgrad and curVgrad of the objective and constraint functionals are saved in the
files path.step(n,"CP.grad.sol") and path.step(n,"V.grad.sol"),

• The descent direction θn, called curgrad, is saved in the file path.step(n,"grad.sol").

Eventually, the values of the compliance and volume attached to each shape Ωnare stored in the path.HISTO

file.
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Figure 25. Iterations (a) 0, (b) 20, (c) 50 and (d) 150 (final) of the optimization process
in the cantilever test-case discussed in Appendix A.

A few shapes produced in the course of the optimization are depicted in Fig. 25. The histories describing
the evolution of the compliance and volume of the shape can be displayed by calling the plot.py module via
the following command line:

python base/plot.py

see Fig. 26.

Figure 26. Evolution of the compliance and the volume functionals in the cantilever ex-
ample of Appendix A.
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A.5. Description of the two files dedicated to the specification of the global variables and paths
to executables

A.5.1. The file path.py

The file path.py contains the global variables used in all the python functions.

# Global parameters

REFDIR = 1 # Reference for Dirichlet B.C

REFNEU = 2 # Reference for Neumann B.C.

REFISO = 10 # Reference for the boundary edges of the shape

REFINT = 3 # Reference of the triangles in the interior domain

REFEXT = 2 # Reference of the triangles in the exterior domain

The parameters regarding the desired size of the elements in the mesh are specified next; their meanings
are described in Appendix A.7.

# Parameters of the mesh

MESHSIZ = 0.02

HMIN = 0.001

HMAX = 0.02

HAUSD = 0.001

HGRAD = 1.3

# Other parameters

EPS = 1e-10 # Precision parameter

EPSP = 1e-20 # Precision parameter for packing

MAXIT = 150 # Maximum number of iterations

# in the shape optimization process

MAXITLS = 3 # Maximum number of iterations

# in the line search procedure

[...]

The file path.py also contains the command lines needed to call the external programs mshdist, advect,
mmg and FreeFem from the terminal; as hinted at in Appendix A.2, these instructions should be supplied by
the user after their installation.

# Call for the executables of external codes

FREEFEM = "FreeFem ++ -nw"

MSHDIST = "mshdist"

ADVECT = "/Users/dapogny/Advection/build/advect"

MMG2D = "/Users/dapogny/mmg/build/bin/mmg2d_O3"

The names of the various Freefem scripts of the archive used in the python functions are provided:

# Path to FreeFem scripts

FFTEST = SCRIPT + "testFF.edp"

FFDESCENT = SCRIPT + "descent.edp"

FFEVALOBJ = SCRIPT + "evalobj.edp"

...

Eventually, a shorthand is defined for the names of various output files at each iteration of the process,
see Appendix A.4.3.

# Shortcut for various file types

def step(n,typ) :

return STEP + "." + str(n) + "." + typ
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A.5.2. Global variables and macros related to the Freefem functions

The archive contains two files macros.idp and inout.idp which are loaded in the preamble of all the
FreeFem scripts, via the following lines.

include "./ sources/inout.idp"

include "./ sources/macros.idp"

The file macros.idp contains the global variables and the macros shared by the FreeFem scripts of the
archive. It is organized as follows:

/* File for communication of data with python */

str ing EXCHFILE = "./res/exch.data";

/* Inner product for extension / regularization */

rea l alpha = getrParam(EXCHFILE ,"Regularization");

macro psreg(u,v) ( int2d(Th)( alpha ^2*(dx(u)*dx(v)+dy(u)*dy(v))

+ u*v) ) // EOM

/* Linear elasticity parameters */

rea l lm = 0.5769;

rea l mu = 0.3846;

/* Load case */

rea l loadx = 0.0;

rea l loady = -1.0;

In particular, this file contains the definition of the inner product a(·, ·) endowing the space of deformations θ
with a Hilbertian structure. In the present context, a(·, ·) is a bilinear form, associating to two scalar-valued
functions u, v : D → R the value

(A.4) a(u, v) = α2

∫

D

∇u · ∇v dx+

∫

D

uv dx,

where α can be interpreted as a regularization length, see Section 4.5.

The file inout.idp gathers several functions in charge of reading and printing parameters or files. These
functions ensure the communication with the python part of the implementation; their syntaxes are meant
to be explicit enough so that the user does not need to enter their implementation.

/* Get real parameter from file */

func rea l getrParam( str ing file , str ing kwd) {

[...]

}

[...]

/* Read a .sol file containing a scalar -valued solution */

func int loadsol( str ing sin , rea l [int] & u) {

[...]

}

/* Read a .sol file containing a vector -valued solution in 2d */

func int loadvec2( str ing sin , rea l [int] & ux, rea l [int] & uy) {

[...]

}
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/* Save scalar function u as a .sol file */

func int printsol( str ing sout , rea l [int] & u) {

[...]

}

/* Save vector field [ux ,uy] as a .sol file */

func int printvec2( str ing sout , rea l [int] & ux, rea l [int] & uy) {

[...]

}

A.6. Creation of the initial geometry and specification of the test case

The function dedicated to the creation of the mesh T 0 of D, in which the initial shape Ω0 is explicitly
discretized as a submesh T 0

int, is contained in the module inigeom.py.

def iniGeom(mesh) :

This function proceeds in several stages:

(1) The exchange file path.EXCHFILE is filled with the names of the output mesh and of the intermediate
level set function used in the creation of the latter:

# Fill in exchange file

inout.setAtt(file=path.EXCHFILE ,attname="MeshName",attval=mesh)

inout.setAtt(file=path.EXCHFILE ,attname="PhiName",attval=path.TMPSOL)

(2) A mesh of the computational domainD is generated via the call to the FreeFem script path.FFINIMSH,
whose contents are described in the next listing.

/* Get mesh and sol names */

str ing MESH = getsParam(EXCHFILE ,"MeshName");

int REFDIR = getiParam(EXCHFILE ,"Dirichlet");

int REFNEU = getiParam(EXCHFILE ,"Neumann");

/* Create mesh */

/* Mesh definition */

border left(t=0.0 ,1.0){x=0.0; y=1.0-t; label=REFDIR ;};

border bot(t=0.0 ,2.0){x=t; y=0.0; label =0;};

border right1(t=0.0 ,0.45){x=2.0; y=t; label =0;};

border right2(t=0.45 ,0.55){x=2.0; y=t; label=REFNEU ;};

border right3(t=0.55 ,1.0){x=2.0; y=t; label =0;};

border top(t=0.0 ,2.0){x=2.0-t; y=1.0; label =0;};

mesh Th = buildmesh(left (100)+ bot (200)+ right1 (45)+ right2 (10)

+right3 (45)+ top (200));

/* Save mesh */

savemesh(Th ,MESH);

(3) The resulting mesh is modified towards quality improvement, thanks to the external library mmg.

# Call to mmg2d for remeshing the background mesh

mshtools.mmg2d(mesh ,0,None ,path.HMIN ,path.HMAX ,

path.HAUSD ,path.HGRAD ,0,mesh)

Again, the syntax of the function mshtools.mmg2d in charge of making the interface with this external
library and our python implementation is described in detail in Appendix A.7.
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(4) In this example, Ω0 is the total computational domain D, deprived from a collection of holes, see
Fig. 25 (a). In order to create the associated mesh T 0 of D, one level set function φ0 for this shape
is generated via the FreeFem script path.FFINILS.

/* Get mesh and sol names */

str ing MESH = getsParam(EXCHFILE ,"MeshName");

str ing PHI = getsParam(EXCHFILE ,"PhiName");

/* Read mesh */

mesh Th = readmesh(MESH);

/* Finite element space and functions */

fespace Vh(Th,P1);
Vh phi;

/* Definition of the initial level set function */

func rea l iniLS( rea l xx, rea l yy) {

[...]

return (dd);

}

phi = -iniLS(x,y);

/* Save LS function */

printsol(PHI ,phi []);

(5) This level set function φ0 is explicitly discretized in the mesh by another call to mmg, resulting in the
mesh displayed in Fig. 25 (a).

A.7. External calls to the libraries mshdist, advection and mmg

This section is devoted to the python functions through which the external libraries mshdist, advection and
mmg are executed in our implementation. Since they are not meant to be modified by the user, we solely
present their syntax. We recall that, after the compilation of these three codes, the command lines for their
executions have to be specified in the file path.py, as described in Appendices A.2 and A.5.1.

Let D be a domain equipped with a mesh T in which the shape Ω of interest is discretized, as the submesh
Tint of triangles with labels path.REFINT. The calculation of the signed distance function φ = dΩ to Ω is
carried out by the function

def mshdist(mesh ,phi) :

from the module lstools.py. Here,

• mesh is a string of characters, bearing the name of the .mesh file for T .
• phi is a string of characters, containing the name of the .sol file where φ should be saved.

When D is a domain equipped with a mesh T , the resolution of the level set advection equation (3.3),
starting from φ0, with velocity field V : D → Rd, over a time period (0, T ), is realized via the function

def advect(mesh ,phi ,vel ,step ,newphi) :

from the module lstools.py. Here,

• mesh is a string of characters, containing the name of the .mesh file for T .
• phi is a string of characters referring to the .sol file for the initial level set function φ0.
• vel is a string of characters, containing the .sol file for the velocity field V .
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• step is a real value, standing for the length T of the advection time period.
• newphi is a string of characters, containing the name of the .sol file where the resulting level set

function should be written.

Last but not least, the remeshing operations of an input mesh T of a domain D involved in our framework
are realized by the mmg library. All the calls to this library are encapsulated in the proposed python

implementation via the function

def mmg2d(mesh ,ls ,phi ,hmin ,hmax ,hausd ,hgrad ,nr,out) :

defined in the module mshtools.py. The parameters of this function are the following:

• mesh is a string of characters bearing the name of the input mesh T .
• ls is an integer, taking the values 0 or 1. When ls= 0, the mesh T is remeshed towards improving

the quality of its elements; when ls= 1, the 0 level set of the function phi is explicitly discretized
in T , which is then remeshed towards improving the quality of its elements.

• phi is a string of characters, bearing the name of the level set function in the case where the ls

parameter is set to 1.
• hmin is a real value, corresponding to the minimum authorized length for an edge in the mesh.
• hmax is a real value, corresponding to the maximum authorized length for an edge in the mesh.
• hausd is a real value, encoding the maximum gap authorized between an edge on the surface part
ST of T and the underlying curve drawn on the ideal surface, see Section 4.4.2 and Fig. 9.

• hgrad is a gradation parameter controlling the shocks of lengths between adjacent edges in the mesh.
It is a real value, specifying the maximum ratio allowed between the lengths of two adjacent edges
(typical values are 1.3 or 1.4).

• nr is an integer taking two values 0, or 1. It equals 1 when sharp angles are to be detected by mmg,
then treated as corners during remeshing, 0 otherwise.

• out is a string of characters containing the name of the output mesh.

The function mmg2d returns 1 if the remeshing process is successful and 0 if an error occurred.

A.8. Mechanical calculations

Let D be a computational domain, equipped with a mesh T in which the shape Ω of interest is explicitly
discretized, as the submesh Tint composed of the triangles with label path.REFINT.

The resolution of the linear elasticity system for the displacement uΩ is achieved by the elasticity

function, pertaining to the module mechtools.py.

def elasticity(mesh ,u) :

In this command,

• mesh is a string of characters, bearing the name of the mesh T .
• u is a string of characters for the name of the output vector field uΩ. The latter is treated as a
P1 finite element vector field, stored as a .sol file containing values at all the vertices of T , being
understood that only those values at the vertices of Tint will be considered.

The function proceeds by first entering this information in the exchange file path.EXCHFILE, then calling
Freefem with the script path.FFELAS, that we now touch on.

After a few lines, where notably the mesh Th of D is loaded, this mesh is truncated thanks to the
trunc function.

/* Mesh of the interior part and corresponding FE space */

mesh Thi = trunc(Th ,(reg(x,y) == REFINT),label=REFINT );

fespace Vhi(Thi ,P1);
Vhi uix ,uiy ,vix ,viy;

Hence, Thi is the desired mesh Tint of the shape Ω and Vhi is the corresponding finite element space of P1

Lagrange finite element functions. Then, the linear elasticity system is solved on this interior mesh.
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/* Variational formulation of the problem */

problem elas([uix ,uiy],[vix ,viy]) =

int2d(Thi)(mu *(2.0* dx(uix)*dx(vix) + (dx(uiy)+dy(uix ))*(dx(viy)+dy(vix))

+ 2.0*dy(uiy)*dy(viy)) + lm*(dx(uix)+dy(uiy ))*(dx(vix)+dy(viy)))

- int1d(Thi ,REFNEU )( loadx*vix+loady*viy)

+ on(REFDIR ,uix=0.0,uiy =0.0);

/* Solve problem */

elas;

Finally, the result is transferred onto the total mesh of D.

/* Transfer the problem on the full mesh */

ux = uix;

uy = uiy;

The calculation of the compliance of Ω is easily realized from the datum of the mesh mesh and of the
resulting elastic displacement u. In our implementation, this task relies on the function

def compliance(mesh ,u) :

from the module mechtools.py. This function essentially calls the FreeFem script path.FFCPLY, which is
organized as follows.

/* Get mesh and sol names , and global parameters */

str ing MESH = getsParam(EXCHFILE ,"MeshName");

str ing SOL = getsParam(EXCHFILE ,"DispName");

int REFINT = getiParam(EXCHFILE ,"Refint");

int REFNEU = getiParam(EXCHFILE ,"Neumann");

int REFISO = getiParam(EXCHFILE ,"ReferenceBnd");

/* Loading mesh */

mesh Th = readmesh(MESH);

[...]

/* Read solution */

loadvec2(SOL ,ux[],uy[]);

/* Calculate compliance */

cply = int2d(Th,REFINT )(mu *(2.0* dx(ux)*dx(ux)

+ (dx(uy)+dy(ux))*(dx(uy)+dy(ux))

+ 2.0*dy(uy)*dy(uy))

+ lm*(dx(ux)+dy(uy))*(dx(ux)+dy(uy)));

/* Save result */

setrParam(EXCHFILE ,"Compliance",cply);

The calculation of the volume of Ω is likewise conducted via the function

def volume(mesh) :

from the module mechtools.py, whose syntax is analogous.
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A.9. Calculation of a descent direction

In this section, we detail the calculation of shape gradients for the compliance and volume shape functionals,
and that of a descent direction θ for the optimization problem (A.1). The shape Ω of interest is supplied
by a mesh T of the computational domain D in which it is explicitly discretized, as the submesh Tint of
triangles with reference path.REFINT. Let us recall from Sections 4.5 and 4.6 that these calculations hinge
on the choice of an inner product acting on the vector space of deformation fields, according to the so-
called Hilbertian extension-regularization procedure. The macro for this inner product is supplied in the
macros.idp file, as described in Appendix A.5.2.

A.9.1. Calculation of the gradient of the compliance (and volume) functional

The calculation of the shape gradient for the compliance functional is realized by the function

def gradCp(mesh ,disp ,grad) :

from the mechtools.py module. This function essentially calls FreeFem with the file path.FFGRADCP, which
is organized as follows.

/* Get mesh and sol names */

[...]

/* Loading mesh */

mesh Th = readmesh(MESH);

/* Finite element spaces and functions */

fespace Vh(Th ,P1);
fespace Vh0(Th,P0);

Vh ux,uy,g,v;

Vh0 reg = region;

/* Load elastic displacement */

loadvec2(DISP ,ux[],uy[]);

/* Mesh of the interior part and corresponding FE spaces */

mesh Thi = trunc(Th ,(reg(x,y) == REFINT),label=REFINT );

fespace Vhi(Thi ,P1);
fespace Vh0i(Thi ,P0);
Vhi uix ,uiy;

Vh0i Aeueu;

/* Integrand of the shape derivative */

uix = ux;

uiy = uy;

Aeueu = mu *(2.0* dx(uix)*dx(uix)

+ (dx(uiy)+dy(uix ))*(dx(uiy)+dy(uix))

+ 2.0*dy(uiy)*dy(uiy))

+ lm*(dx(uix)+dy(uiy ))*(dx(uix)+dy(uiy));

/* Resolution of the extension - regularization problem */

problem velext(g,v) = psreg(g,v)

- int1d(Thi ,REFISO)(-Aeueu*v)

+ on(REFNEU ,g=0.0);

/* Solve problem and save solution */
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velext;

printsol(GRADCP ,g[]);

In a few words, the variational problem featured in this script solves the identification problem (4.4) with
the inner product a(·, ·) – given by (A.4) and supplied in the file macros.idp described in Appendix A.5.2
– and the right-hand side C ′(Ω)(·n) given by (A.3).

The calculation of the gradient of the volume functional follows the exact same trail, and we do not detail
further the contents of the corresponding function

def gradV(mesh ,grad) :

A.9.2. Derivation of a descent direction

The null-space optimization algorithm described in Section 4.6 is implemented in the function

def descent(mesh ,phi ,Cp ,gCp ,vol ,gV ,g) :

from the mechtools.py module. The latter essentially calls FreeFem with the file path.FFDESCENT, which
proceeds as follows.

After reading the computational mesh T of D, finite element spaces and parameters are declared. The
finite element functions associated to the level set function φ for Ω and the gradients of the compliance and
volume functionals are loaded.

loadsol(PHI ,phi []);

loadsol(GRADCP ,thJ []);

loadsol(GRADV ,thG []);

The contributions ξJ and ξG to the total descent direction θ, given by (4.8), are then calculated.

/* Coefficients for the descent direction */

m = psreg(thG ,thG);

lambda = 1.0 / m * psreg(thJ ,thG);

/* Null space and range contributions to the descent direction */

xiJ = thJ - lambda*thG;

xiG = 1.0/m*(vol -vtarg)*thG;

The coefficients αJ and αG are next calculated, and the scalar amplitude of the descent direction is inferred,
see again (4.8) and Section 4.5.

maxxiJ = max(-xiJ [].min ,xiJ []. max);

mMaxxiJ = max(maxxiJ ,maxNormXiJ );

maxxiG = max(-xiG [].min ,xiG []. max);

alphaJ = AJ*meshsiz / (eps ^2+ mMaxxiJ );

alphaG = AG*meshsiz / (eps ^2+ maxxiG );

/* Scalar descent direction */

g = - alphaJ*xiJ - alphaG*xiG;

Then, the extended normal vector field n to the boundary of the shape Ω is calculated on the whole domain

D via the formula n(x) = ∇φ(x)
|∇φ(x)| , first as a P0 vector field on T , then as a P1 vector field.

/* Extended normal vector as a P0 function over the mesh */

norm0 = sqrt(eps+dx(phi)*dx(phi)+dy(phi)*dy(phi));

nx0 = dx(phi) / norm0;

ny0 = dy(phi) / norm0;

48



/* Extended normal vector as a P1 function over the mesh */

problem extnx(nx ,v) = int2d(Th)(nx*v)

- int2d(Th)(nx0*v);

problem extny(ny ,v) = int2d(Th)(ny*v)

- int2d(Th)(ny0*v);

extnx;

extny;

norm = sqrt(eps ^2+nx*nx+ny*ny);

nx = nx / norm;

ny = ny / norm;

Eventually, a descent direction for the optimization problem (A.1) is obtained as a vector field D → R2 and
the data are saved in the appropriate files.

/* Save solution */

printvec2(GRAD ,gx[],gy[]);

/* Save coefficients for the merit function */

setrParam(EXCHFILE ,"Lagrange",lambda );

setrParam(EXCHFILE ,"Penalty",m);

setrParam(EXCHFILE ,"alphaJ",alphaJ );

setrParam(EXCHFILE ,"alphaG",alphaG );

setrParam(EXCHFILE ,"NormXiJ",maxxiJ );

A.9.3. Evaluation of the merit function

The evaluation of the merit M(Ω) of a shape Ω, defined in (4.9), is simply realized via the function merit

of the mechtools module:

def merit(Cp ,vol) :

This simple function takes as arguments the compliance Cp and the volume vol of the shape, which have
been calculated via the functions defined in Appendix A.8. It also relies on the coefficients λ, S, αJ , αG
produced by the optimization algorithm of Appendix A.9, stored in the exchange file path.EXCHFILE.

# Read parameters in the exchange file

[alphaJ] = inout.getrAtt(file=path.EXCHFILE ,attname="alphaJ")

[alphaG] = inout.getrAtt(file=path.EXCHFILE ,attname="alphaG")

[ell] = inout.getrAtt(file=path.EXCHFILE ,attname="Lagrange")

[m] = inout.getrAtt(file=path.EXCHFILE ,attname="Penalty")

[vtarg] = inout.getrAtt(file=path.EXCHFILE ,attname="VolumeTarget")

merit = alphaJ *(Cp - ell*(vol -vtarg )) + 0.5* alphaG/m*(vol -vtarg )**2

return merit

A.10. Elaborations upon this code

The code described in this appendix has been prepared with the concern that it should be reasonably simple
to adapt to the treatment of a wide variety of shape optimization problems. In this section, we briefly
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<latexit sha1_base64="46DBnhVwhqSoBOpi9CXwLf5t7gU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXWrJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBetmMsQ==</latexit>

2

<latexit sha1_base64="46DBnhVwhqSoBOpi9CXwLf5t7gU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXWrJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBetmMsQ==</latexit>

2

<latexit sha1_base64="hAWFAlE51GdxCpNidZSFU8mWWEk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CokU9Vjw4rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdop7+7tHxxWjo5bJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwXP9fqXqud4cZJX4BalCgUa/8tUbJCyLuUImqTFd30sxyKlGwSSflnuZ4SllYzrkXUsVjbkJ8vmpU3JulQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZ/U0GQnOGcmIJZVrYWwkbUU0Z2nTKNgR/+eVV0rp0/Su3dl+r1mtFHCU4hTO4AB+uoQ530IAmMBjCM7zCmyOdF+fd+Vi0rjnFzAn8gfP5A1I0jSI=</latexit>

0.1

b

<latexit sha1_base64="yhgxjxYlWaI3mGRiReef2x3w650=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9VoeRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AJYhjMM=</latexit>

D

<latexit sha1_base64="kVeqTAoIv38TrLFqzHFMM+fVqSM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD547KFfcqrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHpjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDGz8TKkmRK7ZcFKaSYEzmb5Oh0JyhnFpCmRb2VsLGVFOGNpySDcFbfXmdtK+qXr1au69VGrU8jiKcwTlcggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AecqjOo=</latexit>

10

<latexit sha1_base64="nYk8QKus9KKikx0jlsRoz8ACoWE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBeVWMsA==</latexit>

1<latexit sha1_base64="28NYzLumZvMWmJ001WRG2j/Jdgs=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4CjMS1GNAQY8RzALJEGo6PUmT7pmxu0cIQ37CiwdFvPo73vwbO4sQtwcFj/eqqKoXJIJr47ofTm5peWV1Lb9e2Njc2t4p7u41dJwqyuo0FrFqBaiZ4BGrG24EayWKoQwEawbDi4nfvGdK8zi6NaOE+RL7EQ85RWOlVucKpcTuZbdY8sruFMT9Rb6sEsxR6xbfO72YppJFhgrUuu25ifEzVIZTwcaFTqpZgnSIfda2NELJtJ9N7x2TI6v0SBgrW5EhU3VxIkOp9UgGtlOiGeif3kT8y2unJjz3Mx4lqWERnS0KU0FMTCbPkx5XjBoxsgSp4vZWQgeokBobUWExhP9J46TsnZYrN5VStTKPIw8HcAjH4MEZVOEaalAHCgIe4AmenTvn0XlxXmetOWc+sw/f4Lx9Apv5j6g=</latexit>

�D

<latexit sha1_base64="46DBnhVwhqSoBOpi9CXwLf5t7gU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXWrJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBetmMsQ==</latexit>

2

<latexit sha1_base64="ejKWa18SWFcvGe+Y90P/lExoueM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0ikWo8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo5klNBB4LFnECDa55LmN62G15rneAmid+AWpQYHWsPo1GMUkFVQawrHWfd9LTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fowiojFMXKljRoof6eyLDQeiZC2ymwmehVLxf/8/qpiW6DjMkkNVSS5aIo5cjEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7Eh+Ksvr5POlevfuPWHeq1ZL+IowxmcwyX40IAm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wfRHY1n</latexit>

0.75
<latexit sha1_base64="yvMZNBpLAkP25SMlslfdyQOw3s4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcKuxKi3gAc9SQTzgOwSZiezyZCZ2WVmVghLfsOLB0W8+jPe/Bsnj4MmFjQUVd10d4UJZ9q47reTW1ldW9/Ibxa2tnd294r7B00dp4rQBol5rNoh1pQzSRuGGU7biaJYhJy2wuHNxG89UaVZLB/NKKGBwH3JIkawsZLv32IhcDe7P/PG3WLJLbsX1eq1hyyZAnmLpARz1LvFL78Xk1RQaQjHWnc8NzFBhpVhhNNxwU81TTAZ4j7tWCqxoDrIpjeP0YlVeiiKlS1p0FT9PZFhofVIhLZTYDPQi95E/M/rpCa6CjImk9RQSWaLopQjE6NJAKjHFCWGjyzBRDF7KyIDrDAxNqaCDWHp5WXSPC971XLloVKqVeZx5OEIjuEUPLiEGtxBHRpAIIFneIU3J3VenHfnY9aac+Yzh/AHzucPebmRSg==</latexit>

�N,1
<latexit sha1_base64="bXMKYrDUDoX09JtrvQQshY3h24g=">AAAB83icdZBLS8NAFIUnPmt9VV26GSyCCwmJ9OGy4EJXUsE+oAnlZjpph84kYWYilNC/4caFIm79M+78N07bCFX0wMDhO/cylxMknCntOJ/Wyura+sZmYau4vbO7t186OGyrOJWEtkjMY9kNQFHOItrSTHPaTSQFEXDaCcZXs7zzQKVicXSvJwn1BQwjFjIC2iDPuwYhoJ/dnten/VLZtZ25sGNXnVq1XjUmJ99RGeVq9ksf3iAmqaCRJhyU6rlOov0MpGaE02nRSxVNgIxhSHvGRiCo8rP5zVN8asgAh7E0L9J4Tpc3MhBKTURgJgXokfqdzeBfWS/V4aWfsShJNY3I4qMw5VjHeFYAHjBJieYTY4BIZm7FZAQSiDY1FZdL+N+0L2y3ZlfuKuVGJa+jgI7RCTpDLqqjBrpBTdRCBCXoET2jFyu1nqxX620xumLlO0foh6z3L4NnkVE=</latexit>

�N,7

<latexit sha1_base64="94mUOCngBYx+KNSRnaXQudfbcLo=">AAAB6nicdVDLSsNAFL2pr1ofrbp0M1gEVyGRPlwW3LisaB/QhjKZTtKhk0mYmQgl9BPcuFDErV/kzr9x2kaoogcuHM65l3vv8RPOlHacT6uwsbm1vVPcLe3tHxyWK0fHXRWnktAOiXks+z5WlDNBO5ppTvuJpDjyOe350+uF33ugUrFY3OtZQr0Ih4IFjGBtpLtw1BxVqq7tLIEcu+406s26IbnybVUhR3tU+RiOY5JGVGjCsVID10m0l2GpGeF0XhqmiiaYTHFIB4YKHFHlZctT5+jcKGMUxNKU0Giprk9kOFJqFvmmM8J6on57C/Evb5Dq4MrLmEhSTQVZLQpSjnSMFn+jMZOUaD4zBBPJzK2ITLDERJt0Sush/E+6l7bbsGu3tWqrlsdRhFM4gwtwoQktuIE2dIBACI/wDC8Wt56sV+tt1Vqw8pkT+AHr/Qsjlo2t</latexit>g7
<latexit sha1_base64="mmWcqxUUbtMwj6O8bYoZYNxNiIc=">AAAB6nicbVDLSsNAFL3xWeur6tLNYBFchSS0tu4KblxWtA9oQ5lMJ+nQySTMTIQS+gluXCji1i9y5984fSBqPXDhcM693HtPkHKmtON8WmvrG5tb24Wd4u7e/sFh6ei4rZJMEtoiCU9kN8CKciZoSzPNaTeVFMcBp51gfD3zOw9UKpaIez1JqR/jSLCQEayNdBcN3EGp7NhOtVL3asgQr+ZdVZFrO3N8kzIs0RyUPvrDhGQxFZpwrFTPdVLt51hqRjidFvuZoikmYxzRnqECx1T5+fzUKTo3yhCFiTQlNJqrPydyHCs1iQPTGWM9Un+9mfif18t0WPdzJtJMU0EWi8KMI52g2d9oyCQlmk8MwUQycysiIywx0Sadoglh5eVV0vZs99Ku3FbKjcoyjgKcwhlcgAs1aMANNKEFBCJ4hGd4sbj1ZL1ab4vWNWs5cwK/YL1/ATyGjb4=</latexit>g1

c

<latexit sha1_base64="28NYzLumZvMWmJ001WRG2j/Jdgs=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiB4CjMS1GNAQY8RzALJEGo6PUmT7pmxu0cIQ37CiwdFvPo73vwbO4sQtwcFj/eqqKoXJIJr47ofTm5peWV1Lb9e2Njc2t4p7u41dJwqyuo0FrFqBaiZ4BGrG24EayWKoQwEawbDi4nfvGdK8zi6NaOE+RL7EQ85RWOlVucKpcTuZbdY8sruFMT9Rb6sEsxR6xbfO72YppJFhgrUuu25ifEzVIZTwcaFTqpZgnSIfda2NELJtJ9N7x2TI6v0SBgrW5EhU3VxIkOp9UgGtlOiGeif3kT8y2unJjz3Mx4lqWERnS0KU0FMTCbPkx5XjBoxsgSp4vZWQgeokBobUWExhP9J46TsnZYrN5VStTKPIw8HcAjH4MEZVOEaalAHCgIe4AmenTvn0XlxXmetOWc+sw/f4Lx9Apv5j6g=</latexit>

�D

<latexit sha1_base64="iuC/HELkibifFdg/8Z+RUjC3QRw=">AAAB73icbVDLSsNAFJ34rPVVdelmsAiuQlJDq7uCC11JBfuANpSb6aQdOpPEmYlQSn/CjQtF3Po77vwbJ20WWj0wzOGce7n3niDhTGnH+bJWVtfWNzYLW8Xtnd29/dLBYUvFqSS0SWIey04AinIW0aZmmtNOIimIgNN2ML7K/PYjlYrF0b2eJNQXMIxYyAhoI3V61yAE9G/7pbJjX9aqTu0cO7Zn/kpGnDmwm5MyytHolz57g5ikgkaacFCq6zqJ9qcgNSOczoq9VNEEyBiGtGtoBIIqfzrfd4ZPjTLAYSzNizSeqz87piCUmojAVArQI7XsZeJ/XjfV4YU/ZVGSahqRxaAw5VjHODseD5ikRPOJIUAkM7tiMgIJRJuIiiYEd/nkv6RVsd2q7d155bqXx1FAx+gEnSEX1VAd3aAGaiKCOHpCL+jVerCerTfrfVG6YuU9R+gXrI9v+P+P5w==</latexit>

�N

<latexit sha1_base64="yhgxjxYlWaI3mGRiReef2x3w650=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjy2YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmrf9csWtunOQVeLlpAI5Gv3yV28QszRCaZigWnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+aFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU147WdcJqlByRaLwlQQE5PZ12TAFTIjJpZQpri9lbARVZQZm03JhuAtv7xK2hdV77Jaa9Yq9VoeRxFO4BTOwYMrqMMdNKAFDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AJYhjMM=</latexit>

D

<latexit sha1_base64="1/t+uG7WK1G53H8w7xmNLd4ay3I=">AAAB6HicdVBNS8NAEJ34WetX1aOXYBE8haSU1mPBi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jto1QRR8MPN6bYWZekHCmtOt+WhubW9s7u4W94v7B4dFx6eS0o+JUUmzTmMeyFxCFnAlsa6Y59hKJJAo4doPpzcLvPqBULBZ3epagH5GxYCGjRBupNR6Wyp7jLmG7Tq3iVeoVQ3Ll2ypDjuaw9DEYxTSNUGjKiVJ9z020nxGpGeU4Lw5ShQmhUzLGvqGCRKj8bHno3L40ysgOY2lKaHuprk9kJFJqFgWmMyJ6on57C/Evr5/q8NrPmEhSjYKuFoUpt3VsL762R0wi1XxmCKGSmVttOiGSUG2yKa6H8D/pVByv5lRb1XKjmsdRgHO4gCvwoA4NuIUmtIECwiM8w4t1bz1Zr9bbqnXDymfO4Aes9y/poYz7</latexit>g
<latexit sha1_base64="46DBnhVwhqSoBOpi9CXwLf5t7gU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUrA5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXWrJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBetmMsQ==</latexit>

2

<latexit sha1_base64="nYk8QKus9KKikx0jlsRoz8ACoWE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBeVWMsA==</latexit>

1

<latexit sha1_base64="nYk8QKus9KKikx0jlsRoz8ACoWE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W962qtWavUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBeVWMsA==</latexit>

1
d

Figure 27. (a) Setting of the bridge test case considered in Appendix A.10.1; (b) setting
of the L-shaped beam example considered in Appendix A.10.2; (c) setting of the multi-load
bridge considered in Appendix A.10.3; (d) setting of the 3d cantilever test case considered
in Appendix A.10.4.

describe four such settings, illustrating as many features that can advantageously enrich the base code. The
corresponding source files are provided in the github repository of the project.

A.10.1. A combination of shape and topological derivatives: minimization of the compliance of a 2d bridge

This section illustrates the resolution of a shape and topology optimization problem by means of a combi-
nation of the boundary variation Algorithm 3 with an occasional use of topological derivatives, as originally
proposed in [9].

As we have mentioned in Remark 2.2, the topological derivative dJT (Ω)(x) of a function J(Ω) at some
point x ∈ Ω is the first non trivial term in the asymptotic expansion

J(Ω \B(x, r)) = J(Ω) + rddJT (Ω)(x) + o(rd);

in particular, the value of J(Ω) is decreased if a tiny hole is nucleated around a point x ∈ Ω where dJT (Ω)(x)
is negative. Let us recall the following expressions of the topological derivatives of the compliance and volume

50



functionals C(Ω) and Vol(Ω):

(A.5) dCT (Ω)(x) =
π(λ+ 2µ)

2µ(λ+ µ)

(
4µAe(uΩ) : e(uΩ) + (λ− µ)tr(Ae(uΩ))tr(e(uΩ))

)
(x),

and dVolT (Ω)(x) = −π,
see e.g. [61, 84].

The considered example deals with the optimization of a 2d bridge, as depicted on Fig. 27 (a). The
shapes Ω of interest are contained in a box D with size 2× 1.5; they are clamped on their lower-left corner,
their vertical displacement is prevented on their lower-right corner, and a unit vertical load g = (0,−1) is
applied on a small region ΓN around the middle of their bottom side. In this context, we aim to minimize
the compliance C(Ω) of Ω under a constraint on its volume Vol(Ω): we solve problem (A.1) with a target
volume VT = 0.7.

To achieve this, we rely on the boundary variation Algorithm 4 with an extra ingredient: at each iteration
n of the main loop, a boolean value dotopder is calculated:

dotopder = 1 i f ( it % 5 == 0 and it <= 50 ) e l se 0

# Equals 1 if topological derivative operation , 0 else

The iterations n where this parameter equals 0 unfold exactly as those of the base code: the shape
gradients of C(Ω) and Vol(Ω) are calculated, a descent direction for the problem (A.1) is inferred from the
null space optimization algorithm described in Section 4.6 and Appendix A.9, then the shape Ωn is updated
into the new iterate Ωn+1 (a level set function φn for Ωn is calculated on the mesh T n of D, the level set
advection equation is solved, etc.).

The iterations n where dotopder equals 1 are associated to a stage of topological sensitivity analysis,
which proceeds along the following lines.

# Modification of the shape using topological gradients

i f ( dotopder ) :

# Calculation of the topological derivatives of the compliance and volume

print (" Computation of topological derivatives")

mechtools.topgradCp(curmesh ,curu ,curtopCpgrad)
mechtools.topgradV(curmesh ,curtopVgrad)

# Calculation of the topological derivative of the merit functional

mechtools.descentTG(curmesh ,curphi ,curCp ,curtopCpgrad ,curvol ,
curtopVgrad ,curtopgrad)

# Update of the level set function of the shape

l s t oo l s .creaHoles(curmesh ,curphi ,curtopgrad ,path.VFRACTG ,newphi)

# Creation of a mesh associated to the new shape

print (" Local remeshing")

retmmg = mshtools.mmg2d(curmesh ,1,newphi ,path.HMIN ,path.HMAX ,

path.HAUSD ,path.HGRAD ,1,newmesh)

[...]

# Decision

[...]

Briefly, the topological derivatives of C(Ω) and Vol(Ω) are calculated from the formulas (A.5), thanks to the
functions topgradCp and topgradV of the mechtools.py module. These essentially call the FreeFem scripts
path.FFTOPGRADCP and path.FFTOPGRADV, whose syntaxes are quite straightforward. Then, the function
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Figure 28. Iterations (a) 0, (b) 26, (c) 40 and (d) 150 of the optimization of the shape of
a 2d bridge with the combined use of shape and topological derivatives proposed in Appen-
dix A.10.1.

descentTG of the mechtools.py module infers a descent direction for (A.1) as a scalar field on the com-
putational domain, owing to a simple adaptation of the null space algorithm of Section 4.6. Finally, the
function

def creaHoles(mesh ,phi ,grad ,volfrac ,newphi) :

of the lstools.py module is called. The latter expects the following arguments:

• A string of characters mesh for the name of the current mesh of D.
• The name phi of the file containing a level set function for the shape Ωn.
• The name grad of the file containing the descent direction for (A.1) resulting from the topological

sensitivity analysis.
• A real parameter volfrac (taking values between 0 and 1).
• The name newphi of the output file containing the level set function of the new shape Ωn+1.

This function essentially relies on the FreeFem script path.FFUPTG. It first identifies by dichotomy the
volfrac percentage of elements of the input shape phi where the values of grad are the most negative, and
it then returns a new level set function newphi featuring holes in place of these elements.

A few iterations of the resolution of (A.1) with this strategy in the 2d bridge example are depicted on
Fig. 28. The corresponding source code is contained in the following folder:

https://github.com/dapogny/sotuto/topder
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A.10.2. Handling shape functionals whose derivative involve an adjoint state: minimization of the stress
within an L-shaped beam

The present example illustrates how the base code described in this appendix can be adapted to handle other
objective functionals than the compliance, whose shape derivatives involve an adjoint state.

Let us consider the physical situation depicted on Fig. 29. Shapes Ω are beams contained in an L-shaped
domain D with size 1× 1; they are clamped on their upper side ΓD, and a unit vertical load g = (0,−1) is
applied on a small region ΓN around the middle of their right-hand side. In this context, we consider the
shape optimization problem

(A.6) min
Ω
S(Ω) s.t. Vol(Ω) = VT ,

where S(Ω) is the integral measure of the stress inside Ω defined in (2.4) and VT = 0.7 is the volume
target. The shape derivative S′(Ω)(θ) of S(Ω) is provided in (2.9); its expression involves the adjoint state
pΩ ∈ H1

ΓD
(Ω)d, which is defined as the solution to the system (2.10).

The numerical resolution of this problem is almost identical to that featured in the base implementation,
except when it comes to the calculation of a shape gradient for the stress-based functional S(Ω). At each
iteration n of the main loop, this operation proceeds along the following lines:

# Calculation of a descent direction

print (" Computation of the adjoint state ")

mechtools.adjoint(curmesh ,curu ,curp)

# Calculation of the gradients of stress and volume

print (" Computation of a descent direction")

mechtools.gradS(curmesh ,curu ,curp ,curSgrad)
mechtools.gradV(curmesh ,curVgrad)
mechtools.descent(curmesh ,curphi ,curS ,curSgrad ,curvol ,curVgrad ,curgrad)

In short, the adjoint state pΩn is calculated by the finite element method, thanks to the function adjoint of
the mechtools.py module; the latter consists in turn in executing the FreeFem script path.FFADJ, which
is very similar to the script path.FFELAS described in Appendix A.8. Then, the function gradS of the
mechtools.py module is in charge of calculating a shape gradient for S(Ω) at Ωn, in a analogous way to
the computation described in the above Appendix A.9.1.

A few iterations of the resolution of (A.6) in the setting of the L-shaped beam example are presented on
Fig. 29. The source code associated to this development is contained in the following folder:

https://github.com/dapogny/sotuto/stress

A.10.3. Using multiple equality or inequality constraints: optimization of the shape of a bridge submitted to
multiple loads

In this section, we illustrate how shape optimization problems featuring multiple equality or inequality
constraints can be handled with an adaptation of the base code. This task relies on the open-source imple-
mentation of the null space optimization algorithm of Section 4.6, which is provided at the address

https://gitlab.com/florian.feppon/null-space-optimizer

where a documentation of the library is available.
The physical situation of interest is that depicted on Fig. 27 (c): the considered shape Ω represents a

two-dimensional bridge contained in a box D with size 10× 2. It is clamped on its lower-left and lower-right
corners, and 7 loads gi = (0,−1) are applied on as many different regions ΓN,i (i = 1, . . . , 7) of its upper
side. In this setting, we aim to solve the optimization problem

(A.7) min
Ω

Vol(Ω) s.t Ci(Ω) ≤ CT ,

In this formulation, Ci(Ω) is the compliance of Ω when the ith load gi is applied on ΓN,i, involving the
solution uΩ,i to the linear elasticity system (2.1) in this situation. The threshold CT is calculated from the
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Figure 29. Iterations (a) 0, (b) 26, (c) 35 and (d) 200 (final) of the optimization of
the shape of an L-beam with respect to an integral measure of the stress, as presented in
Appendix A.10.2.

values Ci(Ω
0) of the compliances of the initial design Ω0 in each load scenario:

CT = 0.9 max
i=1,...,7

Ci(Ω
0).

The treatment of this problem with the null space optimization library essentially requires a modification
of the main loop of the optimization strategy. Briefly, the main steps of the optimization strategy are
re-organized as the methods of a new class Bridge.

########### Definition of Optimizable class Bridge ############

class Bridge(Optimizable) :
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# Initialization

def x0(self) :

return path.step(0,"mesh")

[...]

# Calculation of the objective and constraint functions

def evalObjective(self ,x) :

[...]

for i in range(0,path.NC) :

refneu = path.REFNEU + i

gx = path.GX[i]

gy = path.GY[i]

ui = nam + ".u."+str(i)+".sol"

mechtools.elasticity(x,refneu ,gx,gy,ui)

# Calculate J and H

J = mechtools.volume(x)
Cptab = []

for i in range(0,path.NC) :

Cp = mechtools.compliance(x,nam+".u."+str(i)+".sol")

[...]

# Shape derivatives , sensitivity of objective and constraint

def evalSensitivities(self ,x) :

[...]

# Calculate dJ and gradJ

mechtools.gradV(x,nam+".diffV.sol",nam+".gradV.sol")

# Calculate dH and gradH

for i in range(0,path.NC) :

mechtools.gradCp(x,nam+".u."+str(i)+".sol",
nam+".diffCp."+str(i)+".sol", nam+".gradCp."+str(i)+".sol")

[...]

# Retraction: shape update

# dx = array of np values containing values of the scalar velocity field

def retract(self , x, dx) :

[...]

# Generation of a level set function for $\Omega^n$ on $D$
print (" Creation of a level set function")

l s t oo l s .mshdist(curmesh ,curphi)

# Put scalar velocity defined on D into the normal direction

inout.saveSol(dx,path.TMPSOL)

l s t oo l s .norvec(curmesh ,curphi ,path.TMPSOL ,curgrad)

# Advection of the level set function

print (" Level Set advection")
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l s t oo l s .advect(curmesh ,curphi ,curgrad ,1.0, newphi)

# Creation of a mesh associated to the new shape

print (" Local remeshing")

retmmg = mshtools.mmg2d(curmesh ,1,newphi ,path.HMIN ,path.HMAX ,

path.HAUSD ,path.HGRAD ,1,newmesh)

return newmesh

# Accept step

def accept(self ,results) :

[...]

The optimization is then launched by applying the nlspace solve function to an object of this class.

# Run optimization solver

optSettings = {"dt" : path.MESHSIZ ,

"alphaJ" : 1.0,

"alphaC" : 2.0,

"maxit" : 300,

"provide_gradient" : True ,

"maxtrials" : 3,

"itnormalisation" : 3

}

results=nlspace_solve(Bridge(), optSettings)

A few intermediate shapes arising during the resolution of (A.7) are represented on Fig. 30; the source
code corresponding to this example is contained in the following folder:

https://github.com/dapogny/sotuto/constraints

A.10.4. A 3d implementation: optimization of a 3d cantilever beam

In this section, we briefly illustrate how our base implementation can be adapted to handle three-dimensional
problems.

The physical situation of interest is that of a 3d cantilever beam, which is sketched on Fig. 27 (d): the
shapes Ω are contained in a box D with size 2 × 1 × 1; they are clamped on their face lying in the plane
{x = (x1, x2, x3) ∈ ∂D, x1 = 0} and a unit vertical load g = (0, 0,−1) is applied on a small disk ΓN around
the middle of the opposite side. In this context, we aim to minimize the compliance C(Ω) of Ω under a
volume constraint: problem (A.1) is solved with a volume target VT = 0.45.

The main numerical strategy is very similar to the two-dimensional base implementation. The three-
dimensional version of FreeFem is used for the finite element calculation involved, which demands minor
adaptations of the scripts described in the main part of this tutorial; see the documentation of FreeFem for
further details. The external libraries mshdist and advect are called in exactly the same way as in the
previous two-dimensional cases, and the three-dimensional version mmg3d of the remeshing software mmg is
used in place of mmg2d.

# Call for the executables of external codes

FREEFEM = "FreeFem ++ -nw"

MSHDIST = "mshdist"

ADVECT = "/Users/dapogny/Advection/build/advect"

MMG3D = "/Users/dapogny/mmg/build/bin/mmg3d_O3"

The code mmg3d is called with the help of the python function

def mmg3d(mesh ,ls ,phi ,hmin ,hmax ,hausd ,hgrad ,nr,out) :
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Figure 30. (From top to bottom) Iterations 0, 15 and 200 of the optimization of the shape
of a 2d bridge submitted to 7 constraints on its compliance in as many load situations, as
described in Appendix A.10.3.

of the mshtools.py module, which operates in exactly the same way as the function mmg2d described in
Appendix A.7.

A few iterations of the resolution of problem (A.1) are represented on Fig. 31; the associated source code
is contained in the following folder:

https://github.com/dapogny/sotuto/base3d
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