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Summary. For the numerous applications of Markov chains (in particular MCMC
methods), the problem of detecting an instant at which the convergence takes place
is crucial. The ‘cut-off phenomenon’, or abrupt convergence, provides an answer to
this problem. When a sample of Markov chains, or more generally of exponentially
converging processes, is simulated in parallel, it remains far from its stationary distribution until a deterministic instant, and approaches it exponentially fast afterwards.
The cut-off instant is explicitly known, and can be detected algorithmically using
appropriate stopping times. The technique is illustrated on the Ornstein-Uhlenbeck
diffusion.

1 Introduction
The Monte Carlo Markov Chains methods are widely used nowadays in a
huge area of applications fields (see [6, 11] for general references). They are
adapted to the simulation of a given probability distribution ν, when the state
space is too large for a direct simulation, even when ν is only known up to
a proportionality constant. They consist in expressing the target distribution
ν as the asymptotic distribution of a certain Markov chain, which is then
run for long enough until it ‘reaches its equilibrium’. The crucial question
is to define a stopping time. Among the different possibilities, we will focus
on the parallelization method. It consists in running n independent copies of
the chain, until that sample has reached stationarity. Indeed, contrarily to a
single copy, the sample converges in a very abrupt way, for n large enough:
before a certain deterministic time, the so-called ‘cut-off instant’, the sample
remains far from its equilibrium, then it converges exponentially fast. Thus it
is natural to stop the algorithm at the cut-off instant, provided this instant
can be detected algorithmically. It turns out that, in many cases of practical
interest, the cut-off instant is asymptotically equivalent to the ‘hitting time’,
defined as the instant at which an empirical mean of the sample reaches its
expected value for the first time. The hitting time can be computed on line.
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Thus a natural method consists of running the sample until the empirical
mean of some function reaches its expected value for the first time. At that
instant, the distribution of the sample should be close to equilibrium, thus an
n-sample of the distribution ν has been simulated.
A similar method had been proposed by Ycart [16], but the cut-off phenomenon on which it is based could be justified only for finite state space
Markov chains at the time of that article. Recent results show that the cut-off
phenomenon is much more general than previously thought. Thus it is reasonable to expect that the stopping time method can be used to detect the
convergence of samples of processes, under very general hypotheses.
This article generalizes the result of [16] to stochastic processes on an
infinite state space. The theoretical basis of the method has been developed
in the article [3], where the cut-off phenomenon for samples of exponentially
converging processes is studied. Here we will discuss more practical issues.
Since its identification by Aldous and Diaconis [1], the cut-off phenomenon
of steep convergence to equilibrium has been observed on many Markov chains
[2, 12, 4, 10, 13, 15, 9, 14, 5]. Recently in [3], the cut-off phenomenon has been
exhibited for n-samples of independent processes, identically distributed or
not, and for different distances. The main result of [3] gives conditions under
which such a n-tuple has a cut-off in the sense of total variation, Hellinger,
chi-square, and Kullback distances. For each i = 1, . . . , n, the i-th coordinate
is assumed to converge with exponential rate ρi to its equilibrium measure,
in the sense that the logarithm of the distance at time t is equivalent to −ρi t.
Under technical conditions on the ρi ’s, it is proved that a cut-off occurs for
the n-tuple at time


log i
tn = max
; i = 1, . . . , n ,
2ρ(i,n)
where ρ(1,n) , . . . , ρ(n,n) are the values of ρ1 , . . . , ρn ranked in increasing order.
Sharper results are proved for i.i.d. coordinates: if ρ is the common rate
of exponential convergence for the coordinates, then not only does a cut-off
occur for the n-tuple at time log n/(2ρ), but for any fixed u precise estimates
show that the distance to equilibrium at time log n/(2ρ) + u converges to a
positive value. In other words, the cut-off occurs over an interval of time of
length O(1) around log n/(2ρ).
In Section 2, theoretical results about the cut-off phenomenon will be
stated more precisely. We will also introduce an appropriate hitting time, similar to the one defined in [16]. In the particular case of the Ornstein-Uhlenbeck
process, we will recall the results of Lachaud in [8] that prove the asymptotic
equivalence between the hitting and the cut-off times. This is precisely the
type of result needed to justify that stopping the algorithm at the hitting
time will indeed output a sample of the asymptotic distribution as desired.
The method, and its practical illustration, will be presented in Section 3,
together with experimental results for the Ornstein-Uhlenbeck process.
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2 The theoretical results
The known theoretical results about the cut-off phenomenon and the link with
appropriate hitting times are recalled in this section.
Let X be a stochastic process with state space E, converging to its asymptotic distribution, denoted by ν. Distances between probability distributions
can be measured in many ways: see Gibbs and Su [7] for a useful review. We
shall use here mainly the Kullback distance (denoted by dK ):
!1/2
Z
f log(f /g) dλ

dK (µ, ν) =

,

Sµ

where λ is a measure that dominates both µ and ν, f and g are the respective
densities of µ and ν with respect to λ, and Sµ is the support of µ. The Kullback
distance is used here only because it gives the simplest statements; it could
be replaced by other distances.
We suppose that the convergence to equilibrium is exponentially fast. More
precisely, denoting by LX(t) the distribution of the process X at time t, we
assume that there exist two positive reals R and ρ (the exponential rate of
convergence) such that,
lim dK (LX(t), ν)eρt = R .

t→+∞

(1)

Let X (n) = (X1 , . . . , Xn ) be a n-sample of the process X, i.e. a n-tuple
of independent copies of X. Like its coordinates, the process X (n) converges
at exponential rate ρ to its asymptotic distribution, which is the tensor product of n copies of ν. We denote by dn (t) the Kullback distance between the
distribution of X (n) at time t and the equilibrium distribution ν ⊗n . As a
consequence of the results proved in [3], one can state the following theorem.
Theorem 1. Assume (1) holds, and let u be a fixed real. Then


log n
lim dn
+ u = Re−ρu .
n→∞
2ρ

(2)

The limit (2) is a simple way to express the cut-off phenomenon. If u is a
n
large negative real, then Re−ρu is large: before the cut-off instant log
2ρ the
sample is far from equilibrium. If u is a large positive real, then Re−ρu is
n
small: after the cut-off instant log
2ρ the sample converges exponentially fast
to equilibrium. Similar results can be proved for the Hellinger, chi-square and
total variation distances: see in particular Theorems 15 and 16 of [3].
Consider now a ‘test function’, i.e. a mapping f from the state space E
into R. Let {X (n) (t)} = {(X1 (t), . . . , Xn (t))} be the sample process, starting
with all coordinates equal to x0 . The empirical mean of f at time t is:
n

(f )(t)
Mx(n)
0

1X
f (Xi (t)) .
=
n i=1

(3)
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(n)

For all t ≥ 0, the random variable Mx0 (f )(t) has expectation:


E Mx(n)
(f
)(t)
= E (f (X(t))) .
0

(4)

At time 0, it is equal to f (x0 ). By the law of large numbers, if n is large,
(n)
Mx0 (f )(t) should stay close to E (f (X(t))) at all times. If X converges exponentially fast to ν in the sense of the total variation distance,Rthen as t tends
to infinity, E (f (X(t))) converges exponentially fast to νf = f dν. It seems
(n)
reasonable to stop the sample when Mx0 (f )(t) first meets νf . Let us define
the appropriate hitting time by:
Tx(n)
(f ) = inf{ t ≥ 0 ; Mx(n)
(f )(t) = νf } .
0
0

(5)

(n)

It is intuitively clear that Tx0 (f ) should be asymptotically equivalent to
the cut-off instant, at least in probability:
!
(n)
Tx0 (f )
−1 < =1.
(6)
∀ > 0 ,
lim P rob
log n
n→∞

2ρ

This result has already been proved in [16] in the case where the sampled
process is a reversible Markov chain with a finite state space. It has been
checked for a number of processes with infinite state space, but unfortunately
we are not able at this point to prove it in full generality. This is the reason
why we shall restrict our study to the case of the Ornstein-Uhlenbeck process,
which has been studied by Lachaud. In [8], the function f is the identity.
(n)
A central limit theorem for the random variable Tx0 (f ) is proved, which
describes the behaviour of the variable around the cut-off instant. Thus not
(n)
only do we know that (6) holds, but also the fluctuations of Tx0 (f ) around
log n
2ρ can be explicitly computed.
The Ornstein-Uhlenbeck process is the solution X of the following stochastic differential equation:

√
dX(t) = −ρX(t) dt + σ 2ρ dB(t)
,
(7)
X(0) = x0
where σ and ρ are positive reals, x0 is real, and B is the standard Brownian
motion.
The process X is Gaussian, with mean x0 e−ρt and variance σ 2 (1 − e−2ρt ).
Its stationary distribution ν is the centered Gaussian distribution with variance σ 2 , and the convergence is exponentially fast, with rate ρ. The distance
between the distribution of X at time t and ν can be explicitly computed. In
particular, it is easy to check that (1) holds, with
|x0 |
R= √ .
σ 2
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Consequently, Theorem 1 shows that the cut-off phenomenon occurs. As in
[8], we shall choose the simplest possible function f : the identity, and denote
(n)
(n)
Tx0 = Tx0 (f ). The following proposition is proved in [8]:
Proposition 1. Let Un be defined by:

 2 
log(n)
2σ
1
.
Un = ρ Tx(n)
−
+
log
0
2ρ
2ρ
x20

(8)

As n tends to infinity, the random variable Un converges in distribution to the
distribution with density g on R, where:

2
g(t) = √ exp −t − e−2t .
π

(9)

This proposition implies in particular (6), or else that the random variable
log(n)
(n)

2Tx0

(10)

is a consistent estimator of ρ.
In the next section, we shall discuss the practical consequences of these
results for the detection of convergence.

3 Applications
Summarizing the ideas and the results given in the previous sections, we suggest the following method to detect the instant of convergence of a stochastic
process to its asymptotic distribution:
1. choose an integer n and build a n-sample of the process;
2. run the n-sample, and compute the mean process at each time;
3. stop when the mean process reaches for the first time the expectation of
the asymptotic distribution.
Let us illustrate this method in practice. The sampled process is the
Ornstein-Uhlenbeck diffusion described in the previous section, with the following parameters:
ρ = 1,

σ = 1 and x0 = 10 .

We will use two sizes of sample: n = 100, and n = 1000. In order to follow the
evolution of the process and its convergence, we use the following methodology. Fix a sequence of regularly spaced instants t1 , . . . , tk (here ti = i/100).
The experience consists in simulating a n-sample of Ornstein-Uhlenbeck processes (X1 , . . . , Xn ) with the parameters given above. We test, at each instant
ti , if the n-tuple (X1 (ti ), . . . , Xn (ti )) is a Gaussian sample with distribution
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N (0, σ 2 ). We use the classical Kolmogorov-Smirnov test. At each instant ti
the p-value of the test is computed. On the same experiment, the first instant where the mean of the n-sample reaches zero (the expectation of the
(n)
asymptotic distribution) is computed: it is an observation of the r.v. Tx0 .
The experiment is continued after the hitting time, to check whether the
equilibrium is indeed obtained.
The above experiment is repeated 1000 times. For each ti a 1000-sample
(n)
of p-values is obtained; also, 1000 observations of the r.v. Tx0 have been
computed. In Figure 1 we have associated to each ti the average of the 1000
corresponding p-values; the first figure is drawn for n = 100 and the second one
for n = 1000. There is little difference between both; the larger the size of the
sample, the steeper the transition to equilibrium, as suggested by Theorem 1.
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Fig. 1. Average of the p-values of the Kolmogorov-Smirnov test, for n = 100 and
n = 1000.
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We can see that the averaged p-value of the test becomes positive from the
cut-off instant on. This means that the null hypothesis (i.e. that the n-sample
is distributed according to the asymptotic distribution) is systematically rejected before the cut-off instant. To make sure that the convergence is indeed
well established, Figure 1 suggests that one should wait until approximately
twice the cut-off instant (the stationary regime is established when the averaged p-value stabilizes around 50%).
(n)
Using the 1000-sample of observations of the r.v. Tx0 , the result of Proposition 1 can also be illustrated. Let us compute the following normalization of
the sample:
 2 

2σ
1
log(n)
.
+
log
Un = ρ Tx(n)
−
0
2ρ
2ρ
x20
The Kolmogorov-Smirnov test allows us to decide whether this sample is distributed with the limit distribution with density g. Table 1 gives the computed
p-values, in the cases n = 100 and n = 1000. The small p-values suggest that
the convergence in Proposition 1 is rather slow.
n p-value
100 0.0048
1000 0.029
Table 1. p-value of the Kolmogorov-Smirnov test between the 1000-sample of U n
and the limit distribution with density g.

In conclusion we can say that the particular case of the Ornstein-Uhlenbeck
process illustrates the close link between the cut-off phenomenon and the
detection of convergence. The empirical method that we have proposed in
this article is efficient to detect the convergence of a stochastic process to
its asymptotic distribution. Experiments show that the convergence cannot
be established before the hitting time of the asymptotic expectation by an
empirical mean. By waiting for a conservative estimate of twice the hitting
time, one can make sure that stationarity is reached.
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